Reference Frame in General Relativity 

Alcks Kleyn 

Abstract. A reference frame in event space is a smooth field of orthonormal 
bases. Every reference frame is equipped by anholonomic coordinates. Using 
anholonomic coordinates allows to find out relative speed of two observers and 
appropriate Lorentz transformation. 

Synchronization of a reference frame is an anholonomic time coordinate. 
Simple calculations show how synchronization influences time measurement in 
the vicinity of the Earth. 

Measurement of Doppler shift from the star orbiting the black hole helps 
to determine mass of the black hole. According observations of Sgr A, if non 
orbiting observer estimates age of S2 about 10 Myr, this star is 0.297 Myr 
younger. 



1. Geometrical Object and Invariance Principle 

The invariance principle which we studied [14] is limited by vector spaces and we 
can use it only in frame of the special relativity. Our task is to describe structures 
which allow to extend the invariance principle to general relativity. 

A measurement of a spatial interval and a time length is one of the major tasks 
of general relativity. This is a physical process that allows the study of geometry 
in a certain area of spacetime. From a geometrical point of view, the observer 
uses an orthonormal basis in a tangent plane as his measurement tool because an 
orthonormal basis leads to the simplest local geometry. When the observer moves 
from point to point he brings his measurement tool with him. 

Notion of a geometrical object is closely related with physical values measured 
in space time. The invariance principle allows expressing physical laws indepen- 
dently from the selection of a basis. On the other hand if we want to examine a 
relationship obtained in the test, we need to select measurement tool. In our case 
this is basis. Choosing the basis we can define coordinates of the geometrical object 
corresponding to studied physical value. Hence we can define the measured value. 

Every reference frame is equipped by anholonomic coordinates. For instance, 
synchronization of a reference frame is an anholonomic time coordinate. Simple 
calculations show how synchronization influences time measurement in the vicinity 
of the Earth. Measurement of Doppler shift from the star orbiting the black hole 
helps to determine mass of the black hole. 

Sections 9.1 and 10 show importance of calculations in orthogonal frame. Coor- 
dinates that we use in event space are just labels and calculations that we make in 
coordinates may appear not reliable. For instance in papers [6, 7] authors determine 
coordinate speed of light. This leads to not reliable answer and as consequence of 
this to the difference of speed of light in different directions. 
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Few authors consider Einstein's idea about variability of speed of light [13]. 
However Einstein proposed this idea when supposed to create theory of gravity 
in Minkovsky space, therefore he assumed that scale of space and time does not 
change. When Einstein learned Ricmann geometry he changed his mind and never 
returned to idea about variable speed of light. Scale of space and time and speed of 
light are correlated in present theory and we cannot change one without changing 
another. 

There are few papers dedicated to a variable speed of light theory [8, 9]. Their 
theory is based on idea that metric tensor may be scaleable relative dilatation. This 
idea is not new. As soon as Einstein published general relativity Weyl introduced his 
idea to make theory invariant relative conformal transformation. However Einstein 
was firmly opposed to this idea because it broke dependence between distance and 
proper time. You can find detailed analysis in [10]. 

We have strong relation between the speed of light and units of length and time 
in special and general relativity. When we develop new theory and discover that 
speed of light is different we should ask ourselves about the reason. Did we make 
accurate measurement? Do we have alternative way to exchange information and 
synchronize reference frame? Did transformations between reference frames change 
and do they create group? 

In some models photon may have small rest mass [11]. In this case speed of light 
is different from maximal speed and may depend on direction. Recent experiment 
[12] put limitation on parameters of these models. 

2. Reference Frame on Manifold 

As is shown in section [14]-5 we can identify frame manifold of vector space and 
symmetry group of this space. Our interest was not details of structure of basis, 
and stated theory can be generalized and extended on an arbitrary manifold. The 
details of structure of basis did not interest us and stated theory can be generalized. 
In this section we generalize the definition of a frame and introduce a reference frame 
on a manifold. In case of an event space of general relativity it leads us to a natural 
definition of a reference frame and the Lorentz transformation. 

When we study manifold V the geometry of tangent space is one of important 
factors. In this section, we will make the following assumption. 

• All tangent spaces have the same geometry. 

• Tangent space is vector space V of finite dimension n. 

• Symmetry group of tangent space is Lie group G. 

Definition 2.1. Set e =< en\,i G I > of vector fields eu\ is called G-reference 
frame, if for any x £ V set e(x) =< eu\{x), i <E / > is a G-basis 1 in tangent space 
T x . 2 We use notation eu\ € e for vector fields which form G-reference frame e. □ 

Vector field a has expansion 

(2.1) a = a ( %) 

relative reference frame e. 

If we do not limit definition of a reference frame by symmetry group, then at each 
point of the manifold we can select reference frame d =< di > based on vector fields 

^According to section [14]-5 we can identify basis e(x) with an element of group G. 
2 In each particular case we need to prove existence of G-reference frame on manifold. 
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tangent to lines x % = const. We call this field of bases the coordinate reference 
frame. Vector field a has expansion 

(2.2) a^a'd, 

relative coordinate reference frame. Then standard coordinates of reference frame 
e have form 

(2-3) e w = e^d k 

Because vectors are linearly independent at each point matrix ||e^|| has inverse 
matrix \\e k ^ \\ 

(2-4) d k = 4%) 

We use also a more extensive definition for reference frame on manifold, presented 
in form e = (e(fc), eS k ') where we use the set of vector fields e~(k) and dual forms eS k > 
such that 

(2.5) e^(e {l) ) = 5^ 

at each point. Forms are defined uniquely from (2.5). 

In a similar way, we can introduce a coordinate reference frame (di, ds l ). These 
reference frames are linked by the relationship 

(2.6) e (fc) = e\ k) di 

(2.7) e« = ef W 
From equations (2.6), (2.7), (2.5) it follows 

(2-8) 4% =4? 

In particular we assume that we have GL(n)-reference frame (<9, dx) raised by 
n diffcrentiablc vector fields di and 1-forms dx'\ that define field of bases d and 
cobases dx dual them. 

If we have function <p on V than we define pfafnan derivative 

d(p = diipdx 1 
3. Reference Frame in Event Space 

Starting from this section, we consider orthogonal reference frame e = (e/M, e^) 
in Ricmann space with metric gij . According to definition, at each point of Ricmann 
space vector fields of orthogonal reference frame satisfy to equation 

ffy e (fe) e (0 = 9{k){i) 

where = 0, if (fc) ^ (I), andg (k)(k) = 1 org (fc) ( fc) = -1 depending on signature 

of metric. 

We can define the reference frame in event space V as 0(3, l)-reference 
frame. To enumerate vectors, we use index k = 0, 3. Index k = corresponds to 
time like vector field. 
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Remark 3.1. We can prove the existence of a reference frame using the orthogono- 
lization procedure at every point of space time. From the same procedure we get 
that coordinates of basis smoothly depend on the point. 

A smooth field of time like vectors of each basis defines congruence of lines that 
are tangent to this field. We say that each line is a world line of an observer or 
a local reference frame. Therefore a reference frame is set of local reference 
frames. □ 

We define the Lorentz transformation as transformation of a reference frame 

X — ^ i^X ■ X • X • X ^ 

(3.1) e'\ k) = 46«4) 

where 

s dx H 



dx'o 



x j,(»K(0 x 
5 m)%) b (k) =< W) 



We call the transformation a* the holonomic part and transformation &>A the an- 



1,(0 

holonomic part. 

4. Anholonomic Coordinates 



Let E(V, G, 7r) be the principal bundle, where V is the differential manifold of 
dimension n and class not less than 2. We also assume that G is symmetry group 
of tangent plain. 

We define connection form on principal bundle 

(4.1) uj l = \%da N + Tfdx 1 uj = \ N da N + Tdx 

We call functions I\ connection components. 

If fiber is group GL(n), than connection has form 

(4.2) uj a b = Tldx c 

1 i — 1 bi 

A vector field a has two types of coordinates: holonomic coordinates a 1 rel- 
ative coordinate reference frame and anholonomic coordinates ay' relative ref- 
erence frame. These two forms of coordinates also hold the relation 

(4.3) a i (x)=e\ i) (x)a^(x) 
at any point x. 

We can study parallel transfer of vector fields using any form of coordinates. 
Because (3.1) is a linear transformation we expect that parallel transfer in anholo- 
nomic coordinates has the same representation as in holonomic coordinates. Hence 
we write 

da k = I ;',f/ '(/.C' 

WW 

It is required to establish link between holonomic coordinate of connection 
T k j and anholonomic coordinates of connection wj^V .> 

(4.4) a*(x + dx) = o*(a?) + d(j = c\x) - T l kp c k (x)dx p 
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(4.5) a (l) (x + dx) = a (i) (x) + da® = c w (x) - rg (p) c (fc) (x)dx (p) 

Considering (4.4), (4.5), and (4.3) we get 

a^x)-Tl p a k (x)dxP 
(4 ' 6) = e^ix + dx) - T^ (p) e^(x)a i (x)e P p \x)dx p ) 

It follows from (4.6) that 

rg )(p) e| fc \x)e$\x)a\x)dx p = a«(x) - ef(x + dx) (a*(x) - I^a*^)^) 

= a l (x)ef } (x) - ef\x + dx) (o*(x) - r fcp a fc (x)dx p ) 
= a*(x) (ef (x) - e 2 (l) (x + dx)) + ef {x)Tl p a\x)dx p 

= ef{x)T{ p a\x)dx p - a \x)^^-dx p 

Because a 1 (x) and dx p are arbitrary we get 

T W e {k) (x)e^(x) ~ e W (x)r j - d^fr) 

a (i) 

/a 7\ r w - pi P p P ^r j - p i p p —i 

^■'l 1 (k)( P ) ~ e (k) e (pfj L i P e (k) e (p) dx p 

We introduce symbolic operator 

(4 8) -^—~e p — 

[ ' 8x(p) Cp) dxP 

From (2.8) it follows 

^ ( fe )H)_n 



(4 ' 9) g (^ +e ^ feF 

Substitude (4.8) and (4.9) into (4.7) 

(a in) r (i) - p\ p p p { - iS) v j - p^ C^l 

i (fc)(p) - e (fe) e ( P ) e j i * e i 5a .( P ) 

Equation (4.10) shows some similarity between holonomic and anholonomic co- 
ordinates. We introduce symbol d^) f° r the derivative along vector field e^) 



Then (4.10) takes the form 



p( fe ) _ J p r p (k) r j _ i Q (fc) 
1 (0(P) ~ e d) e iP) e 3 l ir e (l)°(p) e i 

Therefore when we move from holonomic coordinates to anholonomic, the con- 
nection transforms the way similarly to when wc move from one coordinate system 
to another. This leads us to the model of anholonomic coordinates. 

The vector field e^) generates lines defined by the differential equations 

j dt _ ( fc ) 
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or the symbolic system 

Keeping in mind the symbolic system (4.11) we denote the functional t as x^ k ' and 
call it the anholonomic coordinate. We call the regular coordinate holonomic. 
From here we can find derivatives and get 

( " 2> . 

The necessary and sufficient conditions of complete integrability of system (4.12) 
are 

c W - 

where we introduced anholonomity object 

(0 k I ( de k ] de \ l) \ 

(4 ' 13) c (k)(0 = e (*) e <9 [~dx lr ~~bW) 

Therefore each reference frame has n vector fields 

d 

d(k) = di^ = e ^ dl 

which have commutator 

[%).%)] = {4Mn - 4)^4)) e * (m) V) = 

e (i) e (i) {-o^ + d ; e, j d (m) - c {k)[l) d (m) 
For the same reason we introduce forms 

dxW = e« = e< fc W 
and an exterior differential of this form is 
d 2 x^ = d (ef W) 

(4.14) = [d 3 ef ] - BiefA dx l A da? 

= -cjJ (I)< faWA*faW 

Therefore when ^ ^, ^ ne differential is not an exact differential 

and the system (4.12) in general cannot be integrated. However we can create 
a meaningful object that models the solution. We can study how function x^ l > 
changes along different lines. We call such cordinates anholonomic coordinates 
on manifold. 

Remark 4.1. Function is a natural parameter along a flow line of vector field 
e(j) . We study an instance of such function in section 8. The proper time is defined 
along world line of local reference frame. As we see in remark 3.1 world lines of local 
reference frames cover spacetime. To make proper time of local reference frames as 
time of reference frame we expect that proper time smoothly changes from point 
to point. To synchronize clocks of local reference frames we use classical procedure 
of exchange light signals. 
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From mathematical point of view this is problem to integrate differential form. 
However, a change of function along a loop is 

(4.15) = f f c§ m dxW AtfcW 

Ji) Jk) (1) , k « dq X 
C (k)(l) e k e l ax '^ ax 

Somebody may have impression that we cannot synchronize clock, however this 
conflicts with our observation. We accept that synchronization is possible until 
we introduce time along non closed lines. Synchronization breaks when we try 
synchronize clocks along closed line. 

This means ambiguity in definition of anholonomic coordinates. □ 

From now on we will not make a difference between holonomic and anholonomic 
coordinates. Also, we will denote b9X as m ^ ne Lorentz transformation (3.1). 

Even form dx^ is not exact differential, we can see that form d 2 x^ is exterior 
differential of form dx^ k ' . Therefore 

(4.16) d 3 x {k) = 

We can represent exterior differential of form, written in anholonomic coordi- 
nates, as 

d{a(t 1 )...(t n )dx [ll) A ... A dx [ln) ) 
=a {h)...{i n ),P dxP A dx^ 1 " 1 A ... A dx^ 

-a(i 1 )...(i n )ddx [ll) A ... A dx {ln) - ... - {-l) n ^ 1 a {ll) ... [in) dx {tl) A ... A ddx {in) 
= fl (y...(i»),W e ? We (r) &W A dxi%l) A - A dxM 

-^)-A^) C t){r) dx{V) A dx{T) A - A ^ - - 

-(-l) n -\ il) ... M dxW A ... A c<fc\ r) dxM A dx^ 

=( a (ii)...(in),( P ) ~ a M...( 4 „) c (p) (ll ) - ■•• - a (n)...(r)C ( { p ){tn) )dx^ A dx M A ... A dx M 
In case of form d z x^ we get equation 

[ ' - (c [k) -c {k) c (r) -c (fc) c (r) )dx^Adx^Adx^ 

From equations (4.16) and (4.17) it follows 

(A i&\ _ r ( fc ) r M _ r ( fc ) >) )(j r (p) a dr® A dr^ - 

(4.18j l C (i)(j),(p) C (r)(j) C (p)(i) C (i)(r) C (p)0')J a:E A d2; ~ U 

It is easy to see that 

~ Zc ('')(i) c (p)(i) a - T Actx 
Substituting from (4.19) into (4.18) gives 

(4.20) (c« Wi(p) - 2c<« w «$ m ) t fc« A <fa«> A cfcW = 
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From (4.20), it follows 

(fc) (fc) (fc) 

^ ' _ 9 (fc) W , o (fc) W , 9 (fc) (r) 

~ lC (r){]f(p){i) + ZC (r)(p) C (i)U) + ^ C (r)(i) C (i)(p) 

We define the curvature form for connection (4.1) 

Q = dcu + [<d, lu] 
n D = duj D + C%u A A ui B = A dr* 

where we defined a curvature object 

R% = ftl? djT? + C° B T?Tf + rf c% 
The curvature form for the connection (4.2) is 

(4.22) fl£ = Aw* 
where we defined a curvature object 

(4.23) Rfj = R^ = diTfrj — djT bi + r^T^ — r^T^ + T bk cfj 
We introduce Ricci tensor 

Rbj = R'baj = daFfy - djTi a + r^ry — r^r^ + r^c^- 

5. Metric-affine Manifold 
For connection (4.2) we defined the torsion form 

(5.1) T a = d 2 x a + ujI A dx b 
From (4.2) it follows 

(5.2) ujI A dx b = (r£ c - T a cb )dx c A da; 6 
Putting (5.2) and (4.14) into (5.1) we get 

(5.3) T a = T? b dx c A dx b = ~c a cb dx c A dx b + (T^ - T a cb )dx c A dx b 
where we defined torsion tensor 

(5-4) T cb = T bc — r° b — c a cb 

Commutator of second derivatives has form 
(5-5) u% t - u% = R^u? - Tf k ul 

From (5.5) it follows that 

(5-6) £;c& — C;fc c = Rdbct, d ~ ^6c£;p 

In Rieman space we have metric tensor gij and connection Tfj. One of the 
features of the Rieman space is symetricity of connection and covariant derivative of 
metric is 0. This creates close relation between metric and connection. However the 
connection is not necessarily symmetric and the covariant derivative of the metric 
tensor may be different from 0. In latter case we introduce the nonmetricity 

(5-7) Q^=4=9%+T i pk 9 pj +Ti k9 ip 

Due to the fact that derivative of the metric tensor is not 0, we cannot raise or 
lower index of a tensor under derivative as we do it in regular Riemann space. Now 
this operation changes to next 

«;fe = /A"'"..:;- ' H'l'lj 
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This equation for the metric tensor gets the following form 



ab 

9-k 



-9 al 9 bj 9^k 



Definition 5.1. We call a manifold with a torsion and a nonmetricity the metric- 
affine manifold [3]. □ 

If we study a submanifold V n of a manifold V n + m , we see that the immersion 
creates the connection that relates to the connection in manifold as 



a R^e r 



de l o 

Therefore there is no smooth immersion of a space with torsion into the Ricmann 
space. 

6. Geometrical Meaning of Torsion 
Suppose that a and b are non collinear vectors in a point A (sec figure 6.1). 



We draw the geodesic L a through the 
point A using the vector a as a tan- 
gent vector to L a in the point A. Let 
r be the canonical parameter on L a 
and 

dx k k 

We transfer the vector b along the 
geodesic L a from the point A into a 
point B that defined by any value of 
the parameter t = p > 0. We mark 
the result as b'. 

We draw the geodesic Ly through 
the point B using the vector b 1 as a 
tangent vector to Ly in the point B. 
Let ip' be the canonical parameter on 
Lb> and 

dx k = , lk 
dip 1 

We define a point C on the geodesic 
Ly by parameter value ip' = p 



We draw the geodesic Lb through the 
point A using the vector 6 as a tan- 
gent vector to Lb in the point A. Let 
ip be the canonical parameter on Lb 
and 

— - b k 

dip 

We transfer the vector a along the 
geodesic Lb from the point A into a 
point D that defined by any value of 
the parameter ip = p > 0. We mark 
the result as a! . 

We draw the geodesic L a > through 
the point D using the vector a' as a 
tangent vector to L a / in the point D. 
Let t' be the canonical parameter on 
L a i and 

dx k ,1, 

We define a point E on the geodesic 
La' by parameter value t' = p 



Formally lines AB and DE as well as lines AD and BC are parallel lines. Lengths 
of AB and DE are the same as well as lengths of AD and BC are the same. We 
call this figure a parallelogram based on vectors a and b with the origin in the 
point A. 

Theorem 6.1. Suppose CBADE is a parallelogram with a origin in the point 
A; then the resulting figure will not be closed [4]- The value of the difference of 
coordinates of points C and E is equal to surface integral of the torsion over this 
parallelogram 3 



&CEX k 



T k dx m Kdx n 



Proof of this statement I found in [5] 
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Figure 6.1. Meaning of Torsion 
Proof. We can find an increase of coordinate x k along any geodesic as 

dx k 1_ k dx m dx n 2 2 , 

= T — r T +o(t) 

dr 2 mn dr dr [ ' 

where r is canonical parameter and we take values of derivatives and components 

T k nn in the initial point. In particular we have 

A AB x k = a k p - l -Y k m {A)a m a n p 2 + 0(p 2 ) 
along the geodesic L a and 

(6.1) A BC x k = b' k p - l -T k nn {B)b lm b' n p 2 + 0( P 2 ) 
along the geodesic Ly . Here 

(6.2) b lk = b k - T k nn {A)b rn dx n + 0{dx) 
is the result of parallel transfer of b k from A to B and 

(6.3) dx k = A AB x k = a k p 

with precision of small value of first level. Putting (6.3) into (6.2) and (6.2) into 
(6.1) we will receive 

A BC x k = b k p - T k mn (A)b m a n p 2 ~ l -T k mn (B)b m b n P 2 + 0{p 2 ) 

Common increase of coordinate x K along the way ABC has form 

A A Bcx k = A AB x k + A BC x k = 

(6.4) =(a k + b k )p-T k mn (A)b m a n p 2 - 
-\T k nn (B)b m b n p 2 - l -T k mn {A)a m a n p 2 + 0(p 2 ) 

Similar way common increase of coordinate x K along the way ADE has form 
A ADE x k = A AD x k + A DE x k = 
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(6.5) = (a k + b k )p-T k mn (A)a m b n p 2 - 

-\r h mn (D)a m a n p 2 - \v k mn {A)b m b n p 2 + 0(p 2 ) 
From (6.4) and (6.5), it follows that 

A A DEX k - A A BCX k = 
= T k m (A)b m a n p 2 + l -T k nn {B)b m b n p 2 + l -T k nn {A)a m a n p 2 



-T k mn (A)a m b n p 2 - l -Y k mn {D)a m a n p 2 - l -T k nn {A)b m b n p 2 + 0(p 2 ) 



For small enough value of p underlined terms annihilate each other and we get 
integral sum for expression 

A ADE X k - A ABC X k = fJjXta - ? k nn)dx m A d X U 

However it is not enough to find the difference 

A ADE x k - A ABC x k 

to find the difference of coordinates of points C and E. Coordinates may be an- 
holonomic and we have to consider that coordinates along closed loop change (4.15) 

Ax k = I dx k = - [[ c k mn dx m A da;' 1 

J EC BADE J JT, 

where c is anholonomity object. 

Finally the difference of coordinates of points C and E is 

A CE x k = A ADE x k - A ABC x k + Ax k = jJjXlm ~ It„ - c k mn )dx m A dx n 

Using (5.4) we prove the statement. □ 

7. Relation between Connection and Metric 

Now we want to find how we can express connection if we know metric and 
torsion. According to definition 

— Qkij = 9ij;k = 9ij,k — ^ik9pj ~ ^k9pi 
— Qkij = 9ij,k — ^ik9pj ~ ^kj9pi ~ Sj k g P i 

We move derivative of g and torsion to the left-hand side. 

(7.1) gij, k + Qkij ~ S p k g pl = T p k g pj + T p kj g pi 
Changing order of indexes we write two more equations 

(7.2) g jk>i + Q ijk - S p kl g p] = T p igpk + T p k g pj 

(7-3) gkij + Qjki — Sfj9pk = ^kjdpi + ^ji9pk 

If we substruct equation (7.1) from sum of equations (7.2) and (7.1) we get 

9kij + 9jk,i - 9ij,k + Qijk + Qjki - Qki 3 - Sfjgpk - S^gpj + S p k g pi = 2r^g pfc 
Finally we get 

1 % = TJ.'/'* ' : .'/<'•••.. + 9jk,i - 9ij,k + Qijk + Qjki - Qkij - Sljgrk ~ S ki g r j + S r ok g n ) 
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8. Synchronization of Reference Frame 

Because an observer uses an orthogonal basis for measurement at each point we 
can expect that he uses anholonomic coordinates as well. We also see that the time 
coordinate along a local reference frame is the observer's proper time. Because the 
reference frame consists of local reference frames, we expect that their proper times 
are synchronized. 

We introduce the synchronization of reference frame as the anholonomic 
time coordinate. 

Because synchronization is the anholonomic coordinate it introduces new physi- 
cal phenomena that we should keep in mind when working with strong gravitational 
fields or making precise measurements. I describe one of these phenomena below. 

9. Anholonomic Coordinates in Central Body Gravitational Field 

We will study an observer orbiting around a central body. The results arc only 
estimation and are good when eccentricity is near because we study circular orbits. 
However, the main goal of this estimation is to show that we have a measurable 
effect of anholonomity. 

We use the Schwarzschild metric of a central body 

(9.1) ds 2 = r —^c 2 dt 2 — dr 2 - r 2 d<f> 2 - r 2 sin 2 

r r — r g 

2Gm 



G is the gravitational constant, m is the mass of the central body, c is the speed of 
light. 



Connection in this metric is 



1 10 — 



r 1 

1 00 



r 1 
1 ii 



2r(r - r g ) 

r g(r- r g) 

2r 3 
r„ 



2r(r - r g ) 

r 22 = -(r-rg) 
r 33 = -(r-r g )sm 2 (t) 

r 2 

Tgg = — sin cj) cos <j) 

r 3 

L 13- r 

r 3 3 = cot 4> 

I want to show one more way to calculate the Dopplcr shift. The Dopplcr shift 
in gravitational field is well known issue, however the method that I show is useful 
to better understand physics of gravitational field. 

We can describe the movement of photon in gravitational field using its wave 
vector k l . The length of this vector is 0; j-r = const; a trajectory is geodesic and 
therefore coordinates of this vector satisfy to differential equation 

(9.2) dk l = -r kl k k dx l 
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We looking for the frequency u) of light and k° is proportional U). Let us consider 
the radial movement of a photon. In this case wave vector has form k = (k°, k 1 , 0, 0). 
In the central field with metric (9-1) we can choose 



k 1 



1 r 


r 


- r 9 


'r 


-rg 



r 



k° , 1 r , 

at = -rjdr = dr 

k L c r — r g 

Then the equation (9.2) gets form 

dk° = -T^itfdt + kPdr) 



du> 



' g 

If we define u> = ujq when r — oo, we get finally 




9.1. Time Delay in Central Body Gravitational Field. We will study orbiting 
around a central body. The results are only an estimation and are good when 
eccentricity is near because we study circular orbits. However, the main goal of 
this estimation is to show that we have a measurable effect of anholonomity. 

Let us compare the measurements of two observers. The first observer fixed his 
position in the gravitational field 



^ s 
c 



r = const, (f) = const, 9 = const 
The second observer orbits the center of the field with constant speed 



(r — r g )c 2 — a 2 r 3 
r = const, 8 = const 
We choose a natural parameter for both observers. 
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The second observer starts his travel when s = and finishes it when returning 
to the same spatial point. Because is a cyclic coordinate the second observer 
finishes his travel when <fr = 2tt. We have at this point 



2ir (r — r„)c 2 — a 2 r 3 
s 2 = — V " 



t = T 



2tt 



The value of the natural parameter for the first observer at this point is 



2tt 
Si = — c 
a 

The difference between their proper times is 



As = si - s 2 = — c 




(r — T g )c 2 — a 2 r 3 




We have a difference in centimeters. To get this difference in seconds we should 
divide both sides by c. 



At 



Now we get specific data. 

The mass of the Sun is 1.989io33 g, the Earth orbits the Sun at a distance of 
1.495985iol3 cm from its center during 365.257 days. In this case we get At = 
0.155750625445089 s. Mercury orbits the Sun at a distance of 5.791i 12 cm from 
its center during 58.6462 days. In this case we get At = 0.145358734930827 s. 

The mass of the Earth is 5.977io27 g. The spaceship that orbits the Earth at 
a distance of 6.916io8 cm from its center during 95.6 mins has At = 1.8318io — 6 
s. The Moon orbits the Earth at a distance of 3.84iolO cm from its center during 
27.32 days. In this case we get At = 1.372io — 5 s. 

For better presentation I put these data to tables 9.1, 9.2, and 9.3. 

Because clocks of first observer show larger time at meeting, first observer esti- 
mates age of second one older then real. Hence, if we get parameters of S2 orbit 
from [1], we get that if first observer estimates age of S2 as 10 Myr then S2 will be 
.297 Myr younger. 

Table 9.1. Sun is central body, mass is 1.989io33 g 



Sputnik 


Earth 


Mercury 


distance, cm 


1.495985i 13 


5.791i 12 


orbit period, days 


365.257 


58.6462 


Time delay s 


0.15575 


0.14536 
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Table 9.2. Earth is central body, mass is 5.977i 27 g 



Sputnik 


spaceship 


Moon 


distance, cm 


6.916i 8 


3.84 10 10 


orbit period 


95.6 mins 


27.32 days 


Time delay, s 


1.8318m - 6 


1.372 10 - 5 



Table 9.3. Sgr A is central body, S2 is sputnik 



mass, Mq 


4.1io6 


3.7 10 6 


distance sm 


1.4692i 16 


1.1565i 16 


orbit period, years 


15.2 


15.2 


Time delay, min 


164.7295 


153.8326 



10. Lorentz Transformation in Orbital Direction 

The reason for the time delay that we estimated above is in Lorentz transforma- 
tion between stationary and orbiting observers. This means that we have rotation 
in plain (e(o), £(2))- The basis vectors for stationary observer are 

e (o) = (-J— ,0,0,0) 
w c V T — a 

e (2) = (0 1 0,i 0) 

We assume that for orbiting observer changes of <p and t are proportional and 

d<f> = ujdt 

Unit vector of speed in this case should be proportional to vector 

(10.1) (l,0,c</,0) 
The length of this vector is 

(10.2) L 2 = r —^c 2 - r 2 oj 2 

r 

We see in this expression very familiar pattern and expect that linear speed of 
orbiting observer is V = uir. 

However we have to remember that we make measurement in gravitational field 
and coordinates are just tags to label points in spacetime. This means that we need 
a legal method to measure speed. 

If an object moves from point (t, <j)) to point (t + dt,<f> + d<p) we need to measure 
spatial and time intervals between these points. We assume that in both points 
there are observers A and B. Observer A sends the same time light signal to B 
and ball that has angular speed to. Whatever observer B receives, he sends light 
signal back to A. 

When A receives first signal he can estimate distance to B. When A receives 
second signal he can estimate how long ball moved to B. 

The time of travel of light in both directions is the same. Trajectory of light is 
determined by equation ds 2 = 0. In our case we have 

— ^c 2 dt 2 - r 2 d^ 2 = 
r 
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When light returns back to observer A the change of t is 

dt = 2, 



iJ—^—c^rdcj) 
V r-r g 



The proper time of first observer is 

ds 2 = r _JjL c 2 A ^_ c -2 r 2 d ^2 

r r — r g 

Therefore spatial distance is 

L = rd<fi 

When object moving with angular speed to gets to B change of t is The proper 
time at this point is 

ds 2 = r _Jj Lc 2 d J ) 2 UJ ~2 



T=J 1 —J± UJ - 1 d<t> 
Therefore the observer A measures speed 

T y r-r g 

We can use speed V as parameter of Lorentz transformation. Then length (10.2) 
of vector (10.1) is 



c 2 



Therefore time ort of moving observer is 



= ,0,0;. [—!—c- 1 — ! =L= 



Spatial ort e'^ = (A,0, B,0) is orthogonal and has length —1. Therefore 

(10.3) r _JjL ( ?\ A ~r 2 %B = ^ 

r L L 

(10.4) r _JjL c 2 A 2 -r 2 B 2 = -1 



We can express A from (10.3) 
and substitute into (10.4) 



„-2 



A = cr 2 — — r 2 uB 
r-r„ 



-r A u 2 B 2 - r 2 B 2 



V 2 

V 2 r>2 2n2 

— =-r B — r B 
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Finally spatial ort in direction of movement is 

-2 r 1 n 1 

e (2) = I c ruj i =,0>- 



v 2 r /-, v 2 



e' (2 ) = I 7 ^=,0,-^^=,0 



Therefore we get transformation 

1 V 1 



e (o) = , G(o) H , e (2 ) 

Ji-K c Ji-K 
(io.5) , v i i 



If a stationary observer sends light in a radial direction, the orbiting observer ob- 
serves Doppler shift 



i-K 

We need to add Doppler shift for gravitational field if the moving observer receives 
a radial wave that came from infinity. In this case the Doppler shift will take the 
form 

LO 



We see the estimation for dynamics of star S2 that orbits Sgr A in tables 10.1 
and 10.2. The tables are based on two different estimations for mass of Sgr A. 

If we get mass Sgr 4.1io6M© [1] then in pericentre (distance 1.868iol5 cm) S2 
has speed 738767495.4 cm/s and Doppler shift is ui' /u = 1.000628. In this case 
we measure length 2.16474^m for emitted wave with length 2.1661/xm (Br 7). In 
apocentre (distance 2.769iol6cm) S2 has speed 49839993. 28cm/ s and Doppler shift 
is uj' juj = 1.0000232. We measure length 2.166049^m for the same wave. Difference 
between two measurements of wave length is 13.098A 

If we get mass Sgr 3.7io6M [2] then in pericentre (distance 1.805iol5cm) S2 
has speed 713915922. icm/s and Doppler shift is u'/u = 1.000587. In this case we 
measure length 2.16483^m for emitted wave with length 2.1661/im (Br 7). In apoc- 
entre (distance 2.676iol6cm) S2 has speed 48163414. 05cm/s and Doppler shift is 
u)'/u) = 1.00002171. We measure length 2.1666052^m for the same wave. Difference 
between two measurements of wave length is 12. 232 A 

Difference between two measurements of wavelength in pericentre is 0.9A. An- 
alyzing this data we can conclude that the use of Doppler shift can help improve 
estimation of the mass of Sgr A. 

11. Lorentz Transformation in Radial Direction 

We see that the Lorentz transformation in orbial direction has familiar form. It 
is very interesting to see what form this transformation has for radial direction. We 
start from procedure of measurement speed and use coordinate speed v 

(11.1) dr = vdt 
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Table 10.1. Dopplcr shift on the Earth of a wave emitted from 
S2; mass of Sgr A is 4.1i O 6M [1] 





pericentre 


apocentre 


distance cm 


1.868iol5 


2.769i 16 


speed cm/s 


738767495.4 


49839993.28 


LU 1 /lU 


1.000628 


1.0000232 


emitted wave (Br 7) fim 


2.1661 


2.1661 


observed wave fj.m 


2.16474 


2.166049 



Difference between two measurements of wavelength is 13.098A 

Table 10.2. Dopplcr shift on the Earth of wave emitted from S2; 
mass of Sgr A is 3.7io6M Q [2] 





pericentre 


apocentre 


distance cm 


1.805i 15 


2.676i 16 


speed cm/s 


713915922.3 


48163414.05 


LU 1 /LU 


1.000587 


1.00002171 


emitted wave (Br 7) \xm 


2.1661 


2.1661 


observed wave fj,m 


2.16483 


2.1666052 



Difference between two measurements of wavelength is 12.232A 



The time of travel of light in both directions is the same. Trajectory of light is 
determined by equation ds 2 = 0. 

-c 2 dt 2 '■ dr 2 = 



When light returns back to observer A the change of t is 



dt = 2 c^dr 

r - r„ 



The proper time of observer A is 



ds 2 = 9 -c 2 A -c~ 2 dr 

r r 

r • 2 



g ' 



4 dr 

r — r. 



Therefore spatial distance is 



L = J —^—dr 



' a 

dr 



When object moving with speed (11.1) gets to B change of t is The proper 
time of observer A at this point is 



ds 2 = '^c 2 dr z v- 

r 



T =J r —!jLv- 1 dr 
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Therefore the observer A measures speed 



T r - r ^v-Hr 



r 

v 



1 •g 

Now we are ready to find out Lorentz transformation. The basis vectors for 
stationary observer are 

e( o)=(y^ 0,0,0 



r-r g 



e ( i)= 0,W ^ 0,0 



r 

Unit vector of speed should be proportional to vector 

(11.2) (M,o,o) 

The length of this vector is 

L 2 = "—^c 2 —v 2 = 



r r — r 



(1L3) _r-r g2 L V 2 



c z 1 



Therefore time ort of moving observer is 
1 v 



e' (0 )= pj.0,0 



r i 1 / r i 1 

— c" 1 , =,vj cr 1 , =,o,o 



i-K) V r - r 9 J(i- 



,o,o 



Spatial ort = (A, 5,0,0) is orthogonal and has length —1. Therefore 

(11.4) r —I± c ^l A -^—-B = Q 

r L r — r g L 

(11.5) ^— ^c 2 A 2 - 5 2 = -1 

r r — r„ 



We can express A from (11.4) 



9 

r t r 



4 = c- 2 - -vB = cr 2 — VB 

(r - T g y r-r g 

and substitute into (11.5) 

2 

r —^c 2 c- \ ^ V 2 B 2 - ^—B 2 = -1 
r (r — r g Y r — r g 
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D 



_r-r g 1 



r l-K 



B=-l T ~ r9 



1 y2 

1 



A = c-2^—vJ r -^ 



c-'V 



Finally spatial ort in direction of movement is 



vj - - , 1 =,J - „ rg , 1 ,,0,0 



r~r g 1 _vl V r / j 



Therefore we get transformationin in familiar form 

1 V 1 

" (o) — , e (o) H , e (i) 



^ 1L6 ) , V 1 1 

e (i) , e( ) H . e ( i) 

c j-y _ v 2 l — y2 



12. Doppler Shift in Friedman Space 

We consider another example in Friedman space. Metric of the space is 

ds 2 = a 2 (dt 2 - d X 2 - sin 2 X (d0 2 - sin 2 6W0 2 )) 

for closed model and 

ds 2 = a 2 (dt 2 - d X 2 - sinh 2 X (d0 2 - sin 2 6d(j) 2 )) 

for open one. Connection in this space is (a, f3 get values 1, 2, 3) 

r o _ « 
1 on — ~~ 

a 



r° =--a 
x bo a f ' 



« 2 ' 

r« — 



00 



Because space is homogenius we do not care about direction of light. In this case 



dk° = -T^k i k j 



Because k is isotropic vector tangent to its trajectory we have 

k a 

dx a = TK dt 
k v 
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Because k° = ^, than 

,u> da da , „,„ n da 

d- = ^ + —g aa k a k a = -2—LU 

a a^ oja a z 
adui + coda = 
acj = const 

Therefore when a grows u> becomes smaller and length of waves grows as well. 

a grows during light travel through spacetime and this leads to red shift. We 
observe red shift because geometry changes, but not because galaxies runs away 
one from other. 

Now we want to see how red shift changes with time if initial and final points do 
not move. For simplicity I will change only \. Initial value is Xi an d final value is 
Xi- Because dt = d\ on light trajectory we have 

X = Xi+t-h h = X2-Xi+ti 
Therefore a(t\)oJi = a(t2)^2- Doppler shift is 

Kit,) = £ = ^ 

If initial time changes t'l = tl + dt then K(tl + dt) = a(tl + dt) / a(t2 + dt) 
Time derivative of K is 

a\a2 — a\hi 



K = 



a-2 

For closed space a = cosht. Then d = sinhi. 

• sinhii cosh £2 — sinht2 coshti sinh(ti — £2) 

K = j = 2 

cosh t 2 cosh t 2 

K decreases when t\ increases. 

13. Lorentz Transformation in Friedman Space 
To learn Lorentz transformation in Friedman space I want to use metric in form 
ds 2 = c 2 dt 2 - a 2 (d X 2 + b 2 (d9 2 - sin 2 9d(j) 2 )) 

Now I have 2 observers. One does not move and has speed (1, 0, 0, 0), and another 
moves along x and his speed is C = (1, v, 0, 0) and we assme V = an. 

Metric is diagonal and coordinates 9, <fi do not change. We have transformation 
in plane t, x- 

Unit speed of first observer is 



e = (-,0,0,0) 
c 



and vector orthonormal this one is 



ei = (0,-,0,0) 
a 



The length of vector C is 



n / v 2 

L = \J c 2 — a 2 v 2 = cy 1 

Therefore unit vector of speed of second observer is 

, 1 v 
e' = ( z , I ,0,0) 
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We look for vector 

ei = (A,S,0,0) 

that is orthogonal to vector e' . For this we have 

(13.1) c 2 A 2 - a 2 B 2 = -1 

(13.2) c 2 A\ - a 2 B V - = 
Wc get from the equation (13.2) 

a 2 

(13.3) A = -^vB 

c l 

We substitute (13.3) into (13.1) and get 



B 2 (^v 2 -a 2 
c z 



B 



1 



Therefore basis of second observer is 

, , 1 V 



-o 



= ,0,0) 



e[ = ( ^==,—=^==,0,0) 

Now we can express e' through e 

1 V 1 

"0 = i e "I ; e l 

1-i^ c 



V 1 1 

i = , e H ei 
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CHCTeMa OTcneTa b o6mefi TeopHH othochtcjibhocth 

AjiexcaHflp KjieftH 

AHHOTAL(Ha. CacTeMa OTCi&ra b npocTpaHCTBe co6bithh - sto HenpeptiBHoe 
nojie opTOHopMajiBHMx 6a3HCOB. KajK^aa CHCTeMa OTcneTa CHa6?KeHa Herojio- 

HOMHHMH KOOpflHHaTaMH. HcnOJlB30BaHHe HerOJIOHOMHBIX KOOpflHHaT n03BO- 
JiaeT HaHTH OTHOCHTGJIBHyfO CKOpOCTB A B Y X Ha6jIKmaTejieH H COOTBGTCTByiO- 

mee npeo6pa30BaHHe Jlopemia. 

CHHxpoHH3anHa chctcmbi OTcneTa - 9to HerojiOHOMHaa xoop^HHaTa BpeMe- 
hh. IIpocTbie paccieTBi noKa3BiBaiOT, KaK CHHxpoHH3an,HH BjiaaeT Ha H3Mepe- 

HHG BpGMGHH B OKpeCTHOCTH 3GMJTH. 

H3MepeHHe scpcpeKTa flonnjiepa ot 3Be3flBi, BpamaionieHCH BOKpyr nepHoii 
^BipBi noMoraeT onpe^ejiHTB Maccy nepHOH ^BipBi. CorjiacHO HaSjiKmeHHaM 
Sgr A, ecjiH HenoflBHjKHBiii Ha6jiroflaTejiB oneHHBaeT B03pacT S2 nopaflica 10 
Myr, to 9Ta 3Be3,na MOJioxce Ha 0.297 Myr. 



1. TeOMETPPIHECKMH OBtEKT H nPHHIIHIl HHBAPHAHTHOCTH 

IIpHHiiHn HHBapnaHTHOCTii, paccMOTpeHHbiii b [14], orpaHH^eH BeKTopHMMH npo- 
CTpaHCTBaMH h npHMeHHM TOJibKO b paMKax cneiniajibHOH TeopHH OTHOCHTejibHO- 
cth. Hania 3a#aHa onncaTb KOHCTpy khhh , KOTopbie no3BOJiHK3T pacnpocTpaHHTb 
npHHinin HHBapnaHTHOCTH Ha o6inyio Teopnio OTHOCHTejibHoerii. 

H3MepeHHe npocTpaHCTBeHHoro HHTepBajia h BpeMeHHMx OTpe3KOB ABjiaeTca o,n,- 
Hoii H3 BajKHbix sa^ai o6in,eH TeopHH OTHOCHTejibHOCTH. 9to (pHSH^ecKHH npoiiecc, 
KOTopbra no3BOJiaeT Hsy^aTb reoMeTpHro b onpe^,ejieHHOH o6jiacTH npocTpaHCTBa 
BpeMeHH. C to^kh 3peHHH reoMeTpHH, Ha6jiK)^,aTejib nojib3yeTCH opToroHajibHMM 
6a3HCOM b KacaTejibHoii njiocKOCTH xax cbohm H3MepHTejibHbiM HHCTpy mchtom , Tax 
KaK opToroHajibHbiii 6a3nc npHBO/niT k npocTeHineH jioKajibHoii reoMeTpHH. /^bh- 
raacb ot to^kh k TO^Ke, Ha6jno,iiaTejib nepeHOCHT c co6ofi cboh H3MepHTejibHMH 
npn6op. 

IlOHHTHe reOMeTpHHeCKOTO 06 r beKTa TeCHO CBH3aHO C _> HSH^eCKHMH BejIHHHHa- 

mh, H3MepaeMbiMH b npocTpaHCTBe BpeMeHH. IIpHHHHn HHBapHaHTHOCTH no3BOJiaeT 
Bbipa3HTb (pH3HHecKHe 3aK0HM He3aBHCHMO ot Bbi6opa 6a3Hca. C ,npyroH ctopohm, 
ecjiH mm xothm npoBepHTb nojiy^eHHoe cooTHonieHne b onbiTe, mm aojukhm 3a_> hk- 
cnpoBaTb H3MepHTejibHbiii npn6op. B HanieM cjiy^ae - sto 6a3HC. Bbi6paB 6a3HC, 
mm MoaceM onpe^,ejiHTb KOop^HHaTM reoMeTpn^ecKoro o6 r beKTa, cooTBeTCTByioiiie- 
ro H3yHaeMOH (pH3HHecKOH BejiHHHHe. Cjie^OBaTejibHO mm MOxeM onpe^ejiHTb H3- 
MepaeMoe SHa^eHne. 

KajK^aa CHCTeMa OTcneTa CHa6>KeHa HerojiOHOMHMMH Koop/niHaTaMH. Hanpn- 

Mep, CHHXpOHH3aHHfl CHCTeMM OTC^eTa - 3TO HerOJIOHOMHafl KOop,a;HHaTa BpeMeHH. 

IIpocTbie pacneTM noKa3MBaK>T KaK CHHxpoHH3au,Hfl BJinaeT Ha H3MepeHHe BpeMeHH 
b OKpeCTHOCTH 3eMJiH. H3MepeHHe 3(p(peKTa ^onnnepa ot 3Be3,n,M, Bpa^aioiiieHCH 
BOKpyr nepHoii flbipbi, noMoraeT onpe,n;e.nHTb Maccy ^epHoii flbipbi. 
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AjieKcaH/ip KjieHH 

CacTeMa OTcneTa b o6me& Teopmi OTHOciiTenbHOCTii 



Pa3,iiejibi 10 h 11 noKa3MBaiOT BajKHOCTb pacneTOB b opToroHajibHOM 6a3nce. 

KoOp^HHaTbl, KOTOpblMH MM nOJIb3yeMCH B IipOCTpaHCTB6 Co6bITHH, - 3TO npOCTO 
M6TKH H paC^eTbl, KOTOpbie Mbl BbmOJIHfleM B KOOp,H,HHaTaX MOryT OKa3aTbCH He 

Ha/iejKHbiMH. HanpHMep, b CTaTbax [6, 7] aBTopbi onpe,a;ejiHiOT KOop^iraaTHyio cko- 
pocTb CBeTa. 9to Be,n;eT k HeBepHOMy OTBeTy h b pe3yjibTaTe SToro k pasjinnnio 
ckopocth CBeTa b pa3Hbix HanpaBjieHHax. 

HeKOTopbie aBTopbi Hcnojib3yiOT H^ero BiraiHTeiiHa o nepeMeHHoii ckopocth CBe- 
Ta [13]. TeM He MeHee, BimnrrenH npe^nojiojKHJi siy Hflero, Kor^a co6npajiCH co- 
3^aTb TeopiHO THroTeHHfl b npocTpaHCTBe MiiHKOBCKoro, h cjie^OBaTejibHO, oh npefl- 
nojiaraji, hto MacniTa6 npocTpaHCTBa h BpeMeHH He mbhhiotch. Kor,a;a BimnrreHH 
no3HaKOMHjica c pnMaHOBoii reoMeTpneii, oh H3MeHHji cboS MHeHne h HHKor,a;a He 
B03Bpamajicfl k H,i;ee o nepeMeHHoii ckopocth CBeTa. MacniTa6 npocTpaHCTBa h 

BpeMeHH H CKOpOCTb CBeTa HBJIfllOTCH CBH3aHHMMH B COBpeMeHHOH TeOpHH H Mbl He 

MO»ceM H3MemiTb o^Hy BejiHHHHy 6e3 H3MeHeHHH flpyroft. 

HeKOTopbie CTaTbH nocBHin;eHM TeopnH nepeMeHHoii ckopocth CBeTa [8, 9]. Hx 
Teopnfl ocHOBaHa Ha H,a;ee, hto mctphhcckhh TeH3op mojkct 6biTb HHBapnaHTeH ot- 
HOCHTejibHO npeo6pa30BaHHfl no,a;o6HH. 9ia n,n;e.H He HOBa. KaK tojibko 9hhhit6hh 
ony6jiHKOBaji o6myio TeopnH OTHOCHTejibHOCTH, Beiijib npe^jiojKHJi cbokj H^ero c,n,e- 
jiaTb TeopHio HHBapHaHTHOH OTHOCHTejibHO KOHCpopMHoro npeo6pa30BaHHH. TeM He 
MeHee, 9iiHHiTeHH B03pa»caji stoh n,a,ee, TaK KaK OHa pa3pymajia 3aBHCHMOCTb Mex- 
py paccToaHneM h co6cTBeHHMM BpeMeHeM. Mm mojkcm Haton ,a;eTajibHMH aHajiH3 

B [10]. 

Mm HMeeM TecHyio CBn3b MejK/jy CKopocTbio CBeTa h e,a;HHHHaMH ,o;jihhm h BpeMe- 
HH b cneiniajibHOH h o6ineii Teopnn OTHOCHTejibHOCTH. Kor^a mm pa3BHBaeM HOByro 
Teopnio h o6Hapy>KHBaeM, hto CKopocTb CBeTa MeHaeTCH, mm aojukhm cnpocnTb 
ce6a o npHHHHe. C,a;ejiajiH jih mm aKKyparaoe H3MepeHHe? HMeeM jih mm ajiKrep- 
HaTHBHMH nyTb fljia o6MeHa HHCpopManiieii h CHHxpoHH3aHHH chctcmm OTcneTa? 
MeHfliOTca jih npeo6pa30BaHHH uemflj cncTeMaMH OTCH&ra h o6pa3yiOT jih ohh 
rpynny? 

B HeKOTopbix MO^ejiax (pOTOH MOJKeT HMeTb He6ojibHiyio Maccy nOKOH [11]. B 

3TOM CJiyiae CKOpOCTb CBeTa OTJIHIHa OT MaKCHMajIbHOH CKOpOCTH H MOJKeT 3a- 

BHceTb ot HanpaBjieHHH. HeflaBHnii SKcnepHMeHT [12] HajiojKnji orpaHnneHnn Ha 
napaMeTpbi sthx MO^ejieii. 

2. CHCTEMA OTCHETA HA MHOrOOBPA3HH 

Mm noKa3ajiH b pa3,a;ejie [14]-5, hto MHoroo6pa3ne 6a3HCOB BeKTopHoro npo- 
cTpaHCTBa mojkho OTOJKflecTBHTb c rpynnoii CHMMeTpnii stoto npocTpaHCTBa. Hac 
He HHTepecoBajiH ,a;eTajiH CTpoeHna penepa, n H3Jio:sceHHafl Teopna mojkct 6biTb 
o6o6meHa h nepeHeceHa Ha npon3BOJibHoe MHoroo6pa3ne. B stom pa3#ejie mm 0606- 
maeM onpe^ejieHne 6a3nca h onpe^ejiaeM CHCTeMy OTcneTa Ha MHoroo6pa3Hn. B 
cjiy^ae npocTpaHCTBa co6mthh o6ineii Teopnn OTHOCHTejibHOCTH sto Be^eT Hac k 
ecTecTBeHHOMy onpeflejieHnio chctcmm OTCH&ra n npeo6pa30BaHHH Jlopemia. 

Kor,a;a mm H3ynaeM MHoroo6pa3ne V, reoMeTpnn KacaTejibHoro npoerpaHCTBa 
HBjineTcn oflHHM H3 BajKHbix (paKTopoB. B 3tom pa3,a;ejie mm npe^nojiaraeM 

• Bee KacaTejibHbie npocTpaHCTBa HMeeT o^Hy n Ty >Ke reoMeTpnio; 

• KacaTejibHoe npocTpaHCTBO HBjineTcn bcktophmm npocTpaHCTBOM V KOHen- 
hoh pa3MepHOCTH n; 

• rpynnoii cnMMeTpnn KacaTejibHoro npocTpaHCTBa HBjiaeTca rpynna JIh G. 

2 
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Onpe,n;e.neHHe 2.1. Mm 6y;j;eM Ha3MBaTb mhojkgctbo e =< e^,i S I > bgktop- 
hhx nojieii e(j\ G-cncTeMoft oTcieTa Ha MHoroo6pa3HH V, ecnn rilr jno6oro 
x G V MHoacecTBO e(x) =< eu\(x),i G / > HBJiaeTCH G-6a3HCOM 1 b KacaTejibHOM 
npocTpaHCTBG T x . 2 Mm 6yn;eM nojib30BaTbCH o6o3HaHeHHeM em G e, jjjis bgktop- 
hmx nojieii, nopojKflaromHx G-cnereMy OTCH&ra e. □ 

BeKTopHoe nojie a HMeeT pa3Jio»ceHHe 

(2.1) 3 = a ( %) 

OTHOCHTejIbHO CHCTeMbi OTCHeTa 5. 

Ecjih mm He orpaHHHHM onpe^ejieHHe CHCTeMbi OTCH&ra rpynnoii chmmctphh, 
mm MoaceM Bbi6paTb CHCTeMy OTCHeTa d —< di > b KajK^oii toikc MHoroo6pa3HH, 
onpe,a;ejieHHyio bcktophmmh hojihmh, KacaTejibHMMH k jihhhhm x l = const. 9to no- 
jie 6a3HCOB mm 6y,n;eM Ha3MBaTb KoopflHHaTHoft cHcieMoii oTcieia. BeKTopHoe 
nojie a HMeeT pa3Jio»ceHHe 

(2.2) a = a% 

OTHOCHTejIbHO KoopflHHaTHoii CHCTeMM OTC^eTa. Tor,a;a CTaHjjapTHbie KoopjjriHaTM 
CHCTeMbi OTCH&ra e hmciot bhjj; 

(2-3) e w = e k {i) d k 

Tax xaK BeKTopbi JiHHeiiHO He3aBHCHMM b KajK^oii ToiKe, MaTpnija ||e^ || HMeeT 
o6paTHyio MaTpniiy ||ejj. || 

(2-4) A = e«e w 

Mm TaK»ce nojib3yeMCH 6ojiee hihpokhm onpe^ejieHHeM #jih chctcmm OTCH&ra Ha 
MHoroo6pa3HH, npe^CTaBJieHHoe b BH^e e = (e^j , e^' ) , r^e mm 3ajj;aeM MHO»cecTBO 

BeKTOpHOe nOJiefi H ,0,BOHCTBeHHMX HM (pOpM e( k ' TaKHX, HTO 

(2.5) e^(e {l) ) = 6^ 

b KajKfloii TOHKe. <I>opMM ' onpejjejieHM o^HOSHaHHO H3 (2.5). 

Iloflo6HMM o6pa30M mm MO»ceM onpe^,ejiHTb KOOp^HHaTHyiO CHCTeMy OTCHeTa 

(dijds 1 ). 9tH CHCTeMM OTCieTa CBH3aHM OTHOHieHHeM 

(2.6) e (fc) = e\ k) di 

(2.7) e (fe) = ef ] dx l 
H3 paBeHCTB (2.6), (2.7), (2.5) cne^yeT 

(2-8) 4"%=$ 

B ^acTHOCTH, mm npe,n;nojioJKHM, ito mm HMeeM GL(n,)-CHCTeMy OTcneTa (d, dx), 
nopojKfleHHbiii n jjHCpcpepeHHiipyeMMMH bcktophmmh hojihmh di h 1-cpopMaMH dx 1 , 
KOTopbie onpe,n;ejifliOT nojia 6a3HCOB d h Ko6a3HCOB dx, ,a;yajibHMx hm. 

Ecjih 3aji,aHa (pyHKiniH <p on V, to mm onpejjejiHeM ncpacpcpoBy npoH3BO,n,Hyio 

dtp = diLpdx 1 



^CoraacHO pa3flejiy [14]-5 mh MOxeM OToacflecTBHTb 6a3HC e(x) c sjietieHTOM rpynnbi G. 
2 CymecTBOBaHHe Ha MHoroo6pa3HH G-CHCTeMu OTCieTa Tpe6yeT flOKa3aTejibCTBa b KaxflOM 



cjiyiae. 
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3. CHCTEMA OTCHETA B nPOCTPAHCTBE COEBITHH 

Ha^HHaa c SToro pa3#ejia, mm 6y#eM paccMaTpiiBaTb opToroHajibHyio CHCTe- 

My OTC^GTa e = {fi(k)i B pHMaHOBOM npOCTpaHCTBe C MeTpHHeCKHM TeH3opoM 

gtj. CorjiacHO onpe^ejieHHro, b Ka»c^oii TOTKe piiMatiOBa npocTpaHCTBa BeKTopHbie 
nojia opToroHajibHofi chctcmm OTCH&ra y^OBjieTBopfliOT cooTHOineHHio 

9ij e \k) e li) = 9(h)(1) 

r^e 9(h)(1) = 0, ecjin (k) ^ (I), h 9(k)(k) = 1 hjih 9(k)(k) = -1 B 3aBHCHMOCTH ot 
cnrHaTypbi mgtphkh. 

Mm MoaceM onpe^ejiHTb CHCTeMy OTcneTa b npocTpaHCTBe co6bithh V na,K 
0(3, l)-CHCTeMy OTCH&ra. JIjir HyMepaunn BeKTopoB mm nojib3yeMCH iomeKCOM k = 
0, 3. HH^exc k = cooTBeTCTByeT BpeMemi noflo6HOMy BeKTopHOMy nojiro. 

3aMeHanue 3.1. Mm mojkem ,a;0Ka3aTb cymecTBOBaHne chctgmm OTCieTa, nojib3yacb 
npon,e,z];ypoH opToroHOJiH3anioi b K&yKRofi tohkg npocTpaHCTBa bpgmghh. H3 Toii »ce 
npoue^ypbi mm bh^hm, hto KOop^HHaTM 6a3Hca HenpepMBHO 3aBiiCHT ot tohkh. 

HenpepMBHoe nojie BpeMeHHno,n,o6HMx BeKTopoB KajK^oro 6a3nca onpe^ejifleT 
KOHrpysHipiio jihhhh, KacaTejibHbix STOMy nojiro. Mm 6y^eM roBopiiTb, ito KajK- 

flaa H3 3THX JIHHHH HBJIHeTCH MHpOBOH JIHHHGH Ha6jIK),I];aTejIH HJIH JIOKajIbHOH CH- 

cTeMoii oTcieia. CjieflOBaTejibHO, CHCTGMa OTCH&ra - sto mhokgctbo jiOKajibHbix 

CHCTeM OTCHCTa. □ 

Mm onpe^ejifleM npeo6pa30BaHHe Jlopemja xax npeo6pa30BaHHe chctgmm 

OTCTGTa 

li _ nil 1 2 3\ 

(3.1) e'\ k) = 

r^e 

s dx H 



3 dx'i 
x j,(»K(0 x 

5 m)%) b (k) =s u)( k ) 

Mm 6yn;eM Ha3MBaTb np6o6pa30BaHH6 a*- tojiohomhoh ^acTbio h npeo6pa30BaHHe 
1.(0 

0^ HerojiOHOMHOH HacTbio. 

4. HErOJIOHOMHblE KOOPflHHATbl 

IlycTb E(V, G, 7r) - rjiaBHoe paccjioeHne, r^e V - /nicpcpepeHinipyeMoe MHoroo6- 
pa3ne pa3MepHOCTH n h KJiacca He MeHbnie, HeM 2. Mm Taicsce hojiojkhm, hto G - 
rpynna CHMMeTpHH KacaTejibHoii njiocKOCTH. 

Mm onpe,n;ejiHM cpopMy cbh3hocth Ha rjiaBHOM paccjioeHHH 

(4.1) lu l = \ L N da N + Tfdx 1 lo = X N da N + Tdx 

Mm Ha3MBaeM (pyHKiniH Ti KOMnoHeHTaMH cbh3hocth. 

Ecjih cjioii HBJiaeTCH rpynnoii GL(n), to CBA3HOCTb HMeeT bh^ 

(4.2) uj a h = T a bc dx c 

1 i — 1 bi 

BeKTopHoe nojie a HMeeT ,ii;Ba BH,i;a KOop^HHaT : rojioHOMHtie KoopflHHaTM a 1 

OTHOCHTejIbHO KOOpflHHaTHOH CHCTeMM OTC'ieTa H HerOJIOHOMHBie KOOp^HHaTM 
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a*- 1 ' OTHOCHTejibHO chctgmm OTCH&ra. 9th ,a;Ba Bn,a;a KOop^HHaT Tax »ce cne^yiOT 
OTHOineHHio 

(4.3) a l (x)=e\ €) {x)a^{x) 

B JIK)60H TOHKe X. 

Mm MOJKeM H3yHaTb napajuiejibHbiii nepeHOC BeKTopHbix ncmeii, nojib3yacb jiio- 
60ft (popMoft KOop^HHaT. Tax Kax (3.1) - jiHHeiiHoe npeo6pa30BaHHe, mm cxscimaeM, 
^to napajuiejibHbiii nepeHOC b HerojiOHOMHbix KOop^HHaTax HMeeT Taxoe »;e npe#- 
CTaBjiGHHG, Kax b rojiOHOMHbix KOopflHHaTax. TaKHM o6pa30M mm 3anHineM 

da k = -T%a i dx j 
WW 

Heo6xOflHMO yCTaHOBHTb CBH3b Me»C^,y rOJIOHOMHblMH KOOpflHHaTaMH CB83HO- 
CTH Tfj H HerOJIOHOMHblMH KOOpflHHaTaMH CB33HOCTH 

(4.4) a l (x + dx) = a\x) + da 1 = a\x) - T l kp a k (x)dx p 

(4.5) a (l) {x + dx) = a®(x)+da® = a ®(x) - T ( ^ Kp) a (k) (x)dx (p) 
Ilpeflnojiarafl (4.4), (4.5) h (4.3), mm ncmyHHM 

a l (x)-Tl p a k (x)dxP 
(4 ' 6) = e\ t) {x + dx) ( a W(i) - rg) (p) ef \x)a l {x)e p p \x)dx p 

H3 (4.6) cjie^yeT, hto 

T% (p ff\x)e^{x)a\x)dx p = a®(x) - ef\x + dx) (a\x) - r kp a k (x)dx p ) 

= a\x)ef{x) - ef\x + dx) (a l (x) - T l kp a k {x)dx p ) 
= a*(x) (ef\x) - ef{x + dx)) + ef {x)Ti p a i {x)dx i 

= ef{x)Ti v a\x)dx p - a \x)^^dx p 

Tax KaK a l {x) 11 dx p npoH3BOJibHM, mm HMeeM 

T W e {k) (x)e^(x)-e {z) (x)T 3 - 



(A 7\ pW - P i P P P ^T j - P i P P 

y 4 -') L <k)(v)- e k) e ( V ) e i L ip e fc) e 



(Mp) - c (k) c (pf 3 L i P e (fc) e ( P ) dx p 
Mm onpeflejiHM chmbojih^gckhh onepaTop 

[ ' dx& w dx p 

H3 (2.8) cne^yeT 

■ de (k) m 5e m 
(4-9) e l (l) ^ + e[ k) = 

v ; (() dxP 1 dxP 
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IloflCTaBHM (4.8) h (4.9) b (4.7) 

(4 - W > 1 W(P) - e (k) e (pfj 1 ip e r dx (p) 

Pclbghctbo (4.10) noKa3biBaeT HeKOTopoe cxo,h;ctbo MeyKRy ranoHOMHMMH h Hero- 

JIOHOMHblMH KOOp^HHaTaMH. Mbl OIipeflejIHM CHMBOJI <9(fc) flJIH npOH3BO,H;HOH BflOJIb 

BeKTopHbix nojieii 



Tor^a (4.10) npiiHHMaeT (popMy 



(0(P) ~ ( 1 ) (P) 3 ir e (l)°{p) e t 
Cjie,n;oBaTejibHO, scoria mm nepexo^HM ot rojiOHOMHbix KOopfliraaT k HerojiOHOM- 
hmm, npeo6pa30BaHne cbh3hocth no,n;o6HO npeo6pa30BaHHio npn nepexo,n;e ot o,a;- 

HOH KOOp^HHaTHOH CHCT6MM K flpyrOH. 9tO npHBOflHT HaC K MO^ejIH HerOJIOHOMHblX 
KOOp^HHaT. 

BeKTopHbie nojia enA nopojKflaiOT KpHBbie, onpe^ejieHHbie ^H(p(pepeHLi,HajibHbi- 

MH ypaBHGHHHMH 

e (D dx j - d W 

HJIH CHMBOJIH^eCKOH CHCT6MOH 

HMea b BH^y CHMBOJiH^ecKyro cucreMy (4.11), mm o6o3Ha x niM (pyHKD,HOHaji t no- 
cpeflCTBOM x^ k ' h 6y,a;eM Ha3MBaTb ero HerojioHOMHofi KoopflHHaTofi. Mm 6yn;eM 

Ha3MBaTb 06bI x IHbie KOOp^HHaTM rOJIOHOMHMMH. 

OTCiofla mm MoaceM HaHTH npoii3BO,n,Hyio h nojiymTb 



(4.12) 



g x k k 

Heo6xoflHMoe h ^ocTaTOHHoe ycnoBiie nojiHoii HHTerpnpyeMOCTH CHCTeMM (4.12) 

3TO paBeHCTBO 

c (8) - 
c (k)(i) ~ u 

r,a;e mm bbo,i;hm o6i.eKT HerojioHOMHOCTH 

urn r w _ P fc j ( de k ] de ^\ 

(4 - 13) C ( fc )(0 " e W e W [~dx^ -~d^) 

Cjie,a;oBaTejibHO, jno6aa ciiCTeMa OTCTeTa hmggt n bgktophmx nojiefi 



d i 

d{k) = feW = e lv dt 



KOTOpbie HM6KJT KOMMyTaTOp 



k J ( Pi _i_ Pi S m )\ Pi — J m ) Pi 
(i) e (i) {- d ke l + d ; e ; j d (m) - c {k){l) d {m) 



e 

Ilo toh »ce npn^HHe mm onpe^ejiaeM (popMy 



G 
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h BHeniHHH flHCpcpepemjuaji stoh (popMM hmggt bh^ 





He ABjiaeTCH tohhmm 



flH(p(pepeHLi,HajiOM h CiiCTeMa (4.12) BOo6me roBopn He MOJKeT 6biTb HHTerpnpye- 
moh. TeM He MeHee, mm MOxeM nocTpoHTb peajibHbiii o6 r beKT, KOTopbiii MO^ejinpyeT 
penieHne. Mm MoaceM H3ynaTb, Kax (pyHKHHH x^ H3MeHHeTCH B^ojib pa3Hbix Kpn- 
bmx. Mm 6yo;eM Ha3MBaTb Taxne KOop^HHaTM HerojioHOMHWMH Koop^HHaTaMH 
Ha MHoroo6pa3HH. 

3aMenauue 4.1. <J>yHKHiiH x^ HBJineTCH HaTypajibHMM napaMeTpoM b^ojib kphboh 
noTOKa BeKTopHMx nojieii eu\ . IIpHMep TaKoii (pyHKHHH mm paccMOTpnM b pa3^,ejie 
8. Co6cTBeHHoe BpeMH onpeflejieHO B^ojib mhpoboh jihhhh jiOKajibHoii chctbmm ot- 
CH&ra. Kax mm BH^ejiH b 3aMenaHHH 3.1 Bee npocTpaHCTBO npoHH3aHO mhpobmmh 

JIHHHHMH JIOKajIbHMX CHCTeM. Hto6m Co6CTBeHHOe BpeMH JIOKajIbHMX CHCTeM MOrjIO 

6biTb BpeMeHeM CHCTeMM OTCHeTa, mm ojKH^aeM, hto co6cTBeHHoe BpeMH HenpepMB- 

HO H3MeHHeTCH OT TOHKI K TOHKe. ^JIH CHHXpOHH3aHHH HaCOB JIOKajIbHMX CHCTeM 

OTcneTa mm nojib3yeMCH KJiaccnnecKOH npon,e^,ypoH o6MeHa cb6tobmmh cnrHajiaMH. 

C tohkh 3peHHH MaTeMaTHKH - 9to npo6jieMa HHTerpnpoBaHHH flHCpcpepeHini- 
ajibHoii (popMM. TeM He MeHee, H3MeHeHHe (pyHKHira B,n;ojib neTjin HMeeT bh,u; 



Ha nepBbiii B3rjiHjj, B03HHKaeT onrymeHHe, hto Hejib3H CHHxpoHH3npoBaTb na- 
cm, nero mm He Ha6jno^,aeM Ha npaKTHKe. Mm flonycxaeM, hto CHHxpoHH3an,HH 
B03M0»cHa ,a;o Tex nop, noKa mm onpeflejineM BpeMH B,a;ojib He3aMKHyTbix kphbmx. 
CHHxpoHH3au;HH HapyniaeTCH, Kor,i;a mm nMTaeMCH CHHxpoHH3HpoBaTb nacM Bjjpjib 
3aMKHyToii kphboh. 

3to 03HanaeT Heojj,H03HaHHOCTb onpejj,ejieHHH HerojiOHOMHoii KOop^HHaTM. □ 

HanHHan c SToro MecTa, mm He 6yz],eM ^,ejiaTb pa3JiHHHH Mexyry rojiOHOMHMMH 
h HerojiOHOMHMMH KOop^HHaTaMH. Mm Tax are 6y,n;eM o6o3HanaTb 6/2) KaK a ~ (k) 
b npeo6pa30BaHHH JIopeHua (3.1). 

Xoth (popMa dx^ k ' He hbjihbtch tohhmm jjncpcpepeHiniajiOM, HeTpyznio y6e,iiHTb- 
ch, hto (popMa d 2 x^ HBJineTCH BHeniHHM jTHCpcpepeHHiiajiOM (popMM dx^ k '. Cjie,n;o- 



(4.15) 




BaTejIbHO 



(4.16) 



dV fc) = o 
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Mm MoaceM npe,a;cTaBHTb BHeiiiHuii ,a;H(p(pepeHi];Haji (popMM, 3aniicaHHoii b Hero- 

JIOHOMHblX KOOpflHHaTaX, B BHfle 

d(a {H )... {ln )dx {ll) A ... A dx {ln) ) 
= a {i 1 )...(i n ).pdx p A dx^ A ... A dx^ 

-a {ll) ^ [ln) ddx^ A ... A dx^ - ... - (-l) n - 1 a (il) ... {in) dx ( - i ^ A ... A ddx^ 
=a (il) ... (in)!{p) e^e p (r) dx^ A dx^ A ... A dx^ 

- a (ii)---(in)<$)( r )dx {p) A dx^ A ... A dx^ - ... 
-{-l) n - 1 a {ll) ... {tn) dx^ A ... A cfa\ r) dxM A dx^ 

=(a(ii)...(i„),(p) ~ «M...(,„)C(j )(ll) - ••• - a {ll) ,„ (r) c { ^ )(in) )dx {p) A dx M A ... A dx M 
B cjiynae (popMM d 3 x^ mm nojiy^HM paBGHCTBO 
d(c| fe > dz« Acfe«) 

I A -I ry\ v WO) ' 

^ ' _ ( W ( k ) (r) (fc) (r) \ j ( p ) , (,;) , (j) 

~ ^ c WO').(p) ~ c MO') c (p)(*> ~ c «M c (p)Oy da; A dx A aa: 
Ife paBGHCTB (4.16) h (4.17) cjie^yeT 

(4.18) (ci% . w , - cf > .^ r > - c\ k l Jrl, .,)dx^ A dx® A <£r« = 

v ; Wujilp) Mu) (p)W WW (p)u) y 

HeTpy^HO y6eflHTbca, hto 

<■ C (r)(of(p)[i) C (i)(r) C (p)U)> aX /XdX 

= - 2c $ufVm dxii)Adx{j) 

IIoflCTaBHB (4.19) b (4.18), ncmyHHM 

(4-20) (cg ( , Mp) - 2c« y)C W w ) ( fcfr) A dx® A = 

H3 (4.20) cjie^yeT 

(k) (k) (fc) 

V* ,2i J _ o 0) (r) , r, (fc) W , 9 (fe) M 

_ zc (r)(i) c (p)W + zc «(p) c W(i) + zc WW c 0)(p) 
Mm onpe,n;ejiHM (popMy kphbh3hm ,a;jifl cba3hocth (4.1) 

Q, = du> + [w, w] 
fi D = dco D + Cj^u/ 1 A cl> b = R°dx l A dx J 
r,a;e mm onpe^ejiaeM c^^eRT kphbh3hm 

r% = diTf - n,\ !' + c° B r?rf + rf 4 

5>0pMa KpHBH3HM flJIfl CBA3HOCTH (4.2) IS 

(4.22) n a c =dw^+^Au b c 
r^;e mm onpe^ejiHM o6i3eKT kphbh3hm 

(4.23) Rfj = Rfoj = diTfrj — djTfo + T^r^- — r^T^ + T% k c k j 
Mm onpe,n;ejiHM TeH3op Phhh 

Rbj = Rbaj = 9 a ^bj _ dj^ba + ^capbj _ ^cj'^ba + ^bk c aj 
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AjiexcaH^p Kjiefa 
CiiCTeMa OTcnexa b o6me& xeopaa OTHOCiiTejibHOCTii 



5. METPHKO-ACxDHHHOrO MHOTOOBPA3HE 

B cnynae cbh3hocth (4.2) mm onpe^ejinM cpopMy Kpynemie 

(5.1) T a = d 2 x a + ujI A dx b 
H3 (4.2) cue^yeT 

(5.2) w£ A dx b = (r£ c - T a cb )dx c A dx b 
IIo^CTaBJiflH (5.2) h (4.14) b (5.1) Mbi nojiyHHM 

(5.3) T a = T? b dx c A dx b = ~c a cb dx c A dx b + (T^ - T a cb )dx c A dx b 
rp,e mm onpe^,ejiHJiH TeH3op Kpyneioie 

(5-4) T? b = Y a bc - T a cb - c a cb 

KoMMyTaTop BTopbix npoH3BO,n;Hbix hmggt bh,u; 
(5-5) u% t - u% = R^u? - Tf k u^ 

H3 (5.5) cjie^yeT, hto 

(5-6) ~ i% c = R-dbcC 1 ~ T bc £°p 

B pHMaHOBOM npocTpaHCTBe Mbi have metric tensor <7y h CBA3HOCTb T k j. O^ho 

H3 CBOHCTB pHMaHOBa IipOCTpaHCTBa - 3TO CHMMeTpHH CBH3HOCTH H paBeHCTBO Hy- 

jik> KOBapnaHTHoii npon3BO#HOH MeTpHKH. 3to nopojK^aeT TecHyio CBH3b MeyKflj 
MeTpuKOH h CBH3HOCTbio. However cbh3hoctb is not necessarily symmetric h ko- 
BapiiaHTHaa npoH3BO,a;HaH MeTpHHecxoro TeH3opa mojkbt 6biTb OTjinnHa ot 0. B 
nocjie^HeM cjiy^ae mm bbo^hm HeMeTpHHHOCTb 

(5-7) Q%=4=9%+r i pk 9 Pj + T ik9 iP 

Tax Kax npoH3BO^Haa MeTpnnecitoro TeH3opa He paBHa 0, mm He MoaceM no^,- 
HHMaxb hjih onycxaTb HH^eKC TeH3opa BHyTpn npoH3BO,n,HOH KaK mm sto ^ejiaeM b 
o6binHOM pnMaHOBOM npocTpaHCTBe. Tenepb 3Ta onepainia npnHHMaeT cjie^yroinnn 

BHfl 

a -fc = 9 lJ aj;k + g%a,j 
9to paBeHCTBO rjir MeTpHnecKoro TeH3opa npnHHMaeT cue^yroiunn bh^ 

ab ai bj 

9-k = ~9 9 9ij;k 

Onpe^ejieHHe 5.1. Mm 6yn,eM Ha3MBaTb MHoroo6pa3ne c KpynemieM h HeMeT- 
pnnHOCTbro MeTpHKO-acpcpHHHbiM MHoroo6pa3HeM [3]. □ 

Ecjih mm H3ynaeM no,zrMHoroo6pa3He V n MHoroo6pa3Hfl V n + m , mm bh/him, hto 
HMepcHH nopo>KflaeT CBH3HOCTb T^ 7 , KOTopaa CBa3aHa co CBH3HOCTbio b MHoroo6- 

pa3HH COOTHOHieHHeM 

de l 

pa J — yl P m p k _l £ 

1 /3 7 e a - 1 mfc e /3 e 7 + 

Cjie^,OBaTejibHO, He cymecTByeT HenpepMBHoro BJio»ceHHfl npocTpaHCTBa c xpy^e- 
HHeM B pHMaHOBO npocTpaHCTBO. 
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AjiexcaHflp KjieHH 

CiiCTeMa OTcneTa b o6me& Teoprni OTHOCiiTejibHOCTii 



6. rEOMETPMHECKMH CMblCJl KPYHEHHfl 



npe^nojiojKHM, hto a h b - HeKOJiHHeapHbie BeKTopbi b TOHKe A (cm. (pnr. 6.1). 



Mm npoBe^eM reo^e3HHecKyK) L a ne- 
pe3 TOHKy A, Hcnojib3ya BeKTop a 

KcLK KaCaTejIbHblH BGKTOp K L a B TOH- 

Ke A. ITycTb r - KaHOHHHecKnii napa- 
MeTp Ha L a h 

dx k k 
"° 

Mm nepeHeceM BeKTop b Bflpjib reo- 
^e3HHecKoii L a H3 tohkh A b TOHKy 
£>, onpe^ejieHHyio 3HaHeHneM napa- 
MeTpa t = p > 0. Mm o6o3Ha x iHM 
pe3yjibTaT 6'. 

Mm npoBe^eM recmesHnecKyio Z/&' 
Hepe3 Tcracy B, Hcnojib3ya BeKTop 
b' KaK KacaTejibHbifi BeKTop k Lb> b 

TOHKe B. IlyCTb if' - KaHOHHHeCKHH 

napaMeTp Ha Lb> h 
dx k 
~dj^ 

Mm onpe,a;ejiHM TOHKy C Ha reo^e- 
3HHecKon Ly SHa^eHneM napaMeTpa 

4 



= b 



Mm npoBe^eM recmesHnecKyio Lb ^e- 
pe3 TOMKy A, Hcncuib3yfl BeKTop b 
Kax KacaTejibHbiii bgktop k Lb b toh- 
Ke A. IlycTb ip - KaHOHHHecKHH napa- 
MeTp Ha Lb h 

— - b k 

dip 

Mm nepeHeceM BeKTop a B^cwib reo- 
,i;e3HHecKOH Lb H3 tohkh A b TOHKy 
D, onpe^ejieHHyio 3HaHeHneM napa- 
MeTpa tp = p > 0. Mbl 0603HaHHM 
pe3yjibTaT a' . 

Mm npoBe^eM reo^esHHecKyio L a ' 
nepe3 TOHKy D, Hcnojib3ya BeKTop 
a' KaK KacaTejibHbiii bcktop k L a > b 
TOHKe D. IlycTb r - KaHOHH^ecKHii 
napaMeTp Ha L a i h 

dx k ,,. 

Mm onpe,n;ejiHM TOHKy E Ha reo^e- 
3HHecKOH L a i 3HaHeHneM napaMeTpa 
r' = p 



<DopMajibHO jihhhh AB h DE TaK Mce, KaK jihhhh AD h BC, napajiJiejibHbi. 

/JjIHHbl OTpe3KOB AB H DE paBHbl TaK }Ke, KaK flJIHHM OTpe3KOB AD H BC paBHbl. 

Mm Ha3biBaeM TaKyio (pnrypy napajuiejiorpaMMOM, nocTpoeHHMM Ha BeKTopax 
oak BepniHHoii b TOHKe A. 

TeopeMa 6.1. LTpednojioatcuM CBADE - napajuiejiozpaM c eepuiunou e mouKe 
A; mozda nocmpoeHuaM diuzypa ne 6ydem 3aMKHyma [4]- BejiuHuua pa3JiuHun ko- 
opdunam monen C u E paena noeepxHocmnoMy uumezpaMy npynenuji Had amuM 
napajuieAozpaMMOM 3 



k 



^CEX 



T k dx T 



A dx r 



/^OKa3ameAbcmeo. Mm MoaceM HaiiTH npnpameHHe KOop^HHaTM x B^ojib recme- 

3HHeCKOH b BH^e 



dx k 



1 d 2 x 



2^k 



AX ~^ T+ 2^ 



Q{t 2 



dx 
~dr 



-t - -r; 



dx m dx n 
1 dr dr 



+ 0(r 2 ) 



r,a;e r - KaHOHnnecKHn napaMeTp h mm BMHHCJiaeM npoH3BO,a;HMe h KOMnoHeHTM 
T k „ b HanajibHoii tohkc B HacTHOCTH 



A AB x k - - fe 



a" P --T" mn {A)a m a n p* + 0{p') 



^,II,OKa3aTejibCTBO SToro yTBep>KfleHHa a Hameji b [5] 
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AjiexcaH^p Kjiefa 
CiiCTeMa OTcnexa b o6me& xeopaa OTHOCiiTejibHOCTii 




Phc. 6.1. Meaning of Torsion 
Bflojib reoflesH^ecKoii L a h 

(6.1) A BC x k = b' k p - l -T k mn {B)b lm b ln p 2 + 0(p 2 ) 
Bjipjib reoflesH^ecKoii Lv . 3,n,ecb 

(6.2) b' k = b k - T k m (A)b rn dx n + 0(dx) 
pe3yjibTaT napajuiejibHoro nepeHOca b k H3 A b B h 

(6.3) dx k = A AB x k = a k p 

c TOHHOCTbro #o Majioii nepBoro nopa^Ka. IIoflCTaBJiHfl (6.3) b (6.2) h (6.2) b (6.1), 

MM nOJiyHHM 

A BC x k = b k p - T k nn (A)b m a n p 2 - l -T k mn {B)b m b n p 2 + 0(p 2 ) 

06rrj;ee npiipameHne KOop^HHaTbi x K B,a;ojib nyTH ABC HMeeT bh^ 

A ABC x k = A AB x k + A BC x k = 

(6.4) = (a k + b k )p-T k mn (A)b m a n p 2 - 
- l -T k nn (B)b m b n p 2 - l -T k mn {A)a m a n p 2 + 0(p 2 ) 

AHajiorn^HO o6in;ee npnpameHne KOop/nmaTM x K B^ojib nyTH ADE HMeeT bh,u; 
A A DEX k = A AD x k + A DE x k = 



(6.5) = {a k + b k )p-Y k mn (A)a m b n p 

- l -T k m {D)a m 
113 (6.4) h (6.5) cne^yeT, hto 



l -T k mn {D)a m a n p 2 - ±T k mn (A)b m b n p 2 + 0(p 2 ) 



A ADE x k - A ABC x k 

= T k mn {A)b m a n p 2 + \v k mn {B)b m b n p 2 + \T k ln {A)a m a n p 2 - 
A 1 A 2 

-T k mn (A)a m b n p 2 - l -T k mn {D)a m a n p 2 - l -T k m {A)b m b n p 2 + 0(p 



2\ 



2 2_ 
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AjiexcaHflp KjieHH 

CncTeMa OTcnexa b o6me& Teoprni OTHOCiiTejibHOCTii 



/^jifl ^ocTaTO^HO Majioro SHa^eHHH p no^HepKHyTbie cjiaraeMbie B3aiiMHO yHH^TO- 
jKaiOTCH h mm nojiy^aeM HHTerpajibHyio cyMMy rjih BbipajKeHHfl 

A ADE x k - A ABC x k = fJjXlm - T k mn )dx m A dx n 

OflHaKO He^OCTaTO^HO HaHTH pa3HOCTb 

A ADE x k - A ABC x k 

hto6m HaHTH pa3HOCTb Koop^HHaT tohgk C h E . Koop,ii;HHaTbi MoryT 6biTb Hero- 

JIOHOMHblMH H MM flOJIJKHbl yHeCTb, HTO KOOp^HHaTM BflOJIb 3aMKHyTOrO nyTH H3- 

MeHflioTCH (4.15) 

Ax k = <f dx k = - [[ c k mn dx m A dx n 

J EC BADE J JT, 

r^e c - oG-beKT HeranoHOMHOCTii. 

OKOH^aTejIbHO pa3HOCTb KOOp^HHaT TO^eK C II E HMeeT BHfl 

A CE x k = A ADE x k - A ABC x k + Ax k = JJjXtn - It„ - c k nn )dx m A dx n 
Hcnojib3yfl (5.4), mm ,2;oKa3ajiH yTBepac^eHHe. □ 

7. COOTHOIIIEHHE MEXfly CBJ33HOCTbK) H METPHKOH 
CeH^aC MM XOTHM HaHTH, KaK MM MffiKeM Bbipa3HTb CBH3HOCTb, eCJIH H3BeCTHM 

MeTpHKa h KpyqeHHe. CorjiacHO onpeflejieHHio 

— ^ikij — 9ij;k — 9ij,k ~ 1 ik"vj ~ 1 j k 9pi 
— Qkij = 9ij,k — ^ikSpj ~~ ^kjdpi ~ ^%9pi 

IlepeHeceM npoH3BO,a;Hyio g h KpyneHne b jieByio ^acTb. 
(7.1) g lJ , k + Qkij ~ S p k g pi = T p ik g pj + T p kj g pi 

MeHAH nopa^OK HH^eKCOB, mm 3anHineM eiu,e ,n,Ba ypaBHemia 
(7-2) 9jk,i + Qijk ~ S^gpj = l 1 ;,!/,,.. + Y'i.g,,, 

(7.3) g H ,j + Qjki - Sf^pk = r p kj gpi + r^g pk 

ECJIH MM BMHTeM paB6HCTBO (7.1) H3 CyMMM paB6HCTB (7.2) H (7.1), TO MM nOJiyHHM 

9ki,j + 9jk,i — 9ij,k + Qijk + Qjki — Qkij — S p ^g pk — S ki g P j + S p k g P i = 2T p - i g p k 
OxoHHaTejibHO mm nojiynaeM 

= -zg pk {gki,j + 9jk,i — 9ij,k + Qijk + Qjki - Qkij - S r ld g rk - S ki g r j + S r jk g ri ) 
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AjiexcaH^p Kjiefa 
CiiCTeMa OTcneTa b o6me& Teopnii OTHOCiiTejibHOCTii 



8. CHHXP0HH3AD,Hfl CHCTEMbI OTCHETA 

Tax Kax Ha6jiroflaTejib nojib3yeTCH opToroHajibHMM 6a3HCOM rjisi H3MepemiH b 

KajK^OH TOHKe, MM MOJKeM OJKH^aTb, nTO OH TaKJKe nOJIb3yeTCH HerOJIOHOMHblMH 
KOOpflHHaTaMH. Mbl TaK }Ke BH^HM, HTO KOOp^HHaTa BpeMeHH B^OJIb JIOKajIbHOH CH- 

CTeMbi OTCHeTa hbjisgtch co6ctbghhmm bpgmghgm Ha6jno,iiaT6JiH. Tax KaK cncTeMa 
OTcneTa coctoht 113 jioKajibHbix chctgm OTcneTa, mm 0JKH,a;aeM, hto hx co6cTBeHHbie 

BpeMeHa CIlHXpOHH3HpOBaHM. 

Mm onpe^ejiaeM CHHxpomi3aii;Hio CHCTeM&i OTcneTa k&k HerojiOHOMHyro ko- 
op^HHaTy BpeMeHH. 

Tax Kax CHHxpoHH3au;Hfl - sto HerojiOHOMHaa KOop/nmaTa, sto nopo»c,z];aeT ho- 
Bbie (pH3HHecKHe ABjieHHfl, KOTopbie mm flOJKKHbi HMeTb b BH,u;y, Kor,u;a pa6oTaeM c 

CHJIbHblMH rpaBHTailHOHHblMH nOJISMH HJIH BbinOJIHfleM TOHHbie H3MepeHHfl. HnjKe 
fl OnHHiy OflHO H3 3THX HBJieHHH. 

9. HErOJTOHOMHHE KOOPflHHATbl B rPABHTAIJHOHHOM IIOJ1E 
D,EHTPAJIEHOrO TEJIA 

Mm 6yppM H3ynaTb Ha6jiio,i];aTejiH, BpamaiomerocH BOKpyr n;eHTpajibHoro Tejia. 

Pe3yjIbTaTbI On,eHOHHM H XOpOHIH, KOr^a 3KCH,eHTpHCHTeT OKOJIO 0, Tax Kax Mbl 

6yo;eM nsy^aTb KpyroByro op6nTy. TeM He MeHee, ocHOBHaa nejib stoh oneHKH - 
noKa3aTb, hto mm HMeeM H3MepnMoe ^encTBne HerojiOHOMHOCTH. 
Mm nojib3yeMCH MeTpHKOH niBapinnmib^a pjm n;eHTpajibHoro Tejia 

(9.1) ds 2 = 1 —^-c 2 dt 2 — dr 2 - r 2 d(f> 2 - r 2 sin 2 (f>de 2 

r r — r g 

_ 2Gm 

G - rpaBHTaiiHOHHaa KOHCTaHTa, m - Macca ijeHTpajibHoro Tejia, c - cxopocTb CBeTa. 

9Ta MeTpHKa HMeeT CBH3HOCTb 

ro _ r g 

1 10 



r 1 

1 

1 ii 



2r(r - r g ) 
r g(r- r g) 
r„ 



2r(r - r g ) 



r 22 = -(r 



22 — ~\> - r g) 

r 33 = -(r-r g )sin 2 

v 2 

Tgg = — sin <f> cos (f> 
q 1 

L 13- r 

T 3 23 = cot <t> 

51 xony noKa3aTb eme o^hh cnoco6 paccneTa scpcpeKTa ^onnjiepa. 3(p(peKT JIp- 
nnjiepa b rpaBHTainiOHHOM none HBJiaeTCH xoponio H3yHeHHMM HBJieHneM, o^HaKO 
mqtor, KOTopbiii r noxajKy nojie3eH, itoGm jiynnie noHHTb (pn3HKy rpaBHTainiOH- 
Horo nana. 
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AjiexcaHflp KjieHH 

CncTeMa OTcneTa b o6me& Teoprni OTHOCiiTejibHOCTii 



Mm MOJKeM onucaTb ^bh^kghhg (pOTOHa b rpaBHTaipiOHHOM none, nojib3yacb ero 
bojihobmm bgktopom k l . /^juraa SToro BGKTopa paBHa 0; ^7 = const; TpaeKTopiia 
HBJiaeTCfl reo^,e3HHecKoii, h one^OBaTejibHO, KOop^HHaTbi 3Toro BeKTopa yn,OBJie- 
TBOpflKIT ^H(p(pepeHLi,HajibHOMy ypaBHeHHK) 

(9.2) dk { = -T l kl k k dx l 

Mm iimeM HacTOTy u) CBeTa h k° nponopipiOHajibHO to. PaccMOTpiiM pa^najibHoe 
flBHJKeHne (pOTOHa. B stom cjiy^ae bojihoboh bgktop hmggt bh,u; k = (k° , fc 1 ,0,0). 
B n,eHTpajibHOM nojie c MeTpiiKOH (9.1) mm MoaceM Bbi6paTb 



k l 



1 r 


r 




w 


- r 9 



V 



k° , 1 r , 

dt = -prdr = dr 

k L c r — r g 

Torjia ypaBHeHiie (9.2) npuHHMaGT bhji 

dk° = -T'ioitfdt + kPdr) 



du 




'a 

Ecjih mm onpe^ejiiiM uj = loq, Kor,a;a r = 00, mm nojiy^HM OKOHHaTejibHO 



LJ = LUq 

10. 3AflEP>KKA BPEMEHH B rPABHTAIJHOHHOM nOJIE IJEHTPAJlbHOrO TEJIA 

Mm H3yHHM BpameHiie BOKpyr u;eHTpajibHoro Tejia. Pe3yjibTaTM abjihiotch TOJib- 
ko ou;eHKOH h xopoiiiH, Kor,n;a skciightphchtct okojio 0, Tax xax mm royHaeM Kpyro- 
Bbie op6iiTM. OcHOBHaa 3a^aHa stoh on,eHKii - noxasaTb, hto mm HMeeM H3MepHMMH 

3(p(peKT HerOJIOrOMHOCTH. 

J^&B&wie cpaBHHM H3MepeHHH flByx Ha6.mcmaTe.neH. IlepBMH Ha6jiroflaTejib 3a- 
cpHKcnpoBaji cboS nojio»ceHHe b rpaBHTaipiOHHOM nojie 



s / r 



c v r — r„ 



• a 

r = const, 4> = const, 8 = const 
BTopoii Ha6jiio,a;aTejib BpamaeTca BOKpyr n;eHTpa nojia c nocTOAHHofi CKopocTbio 



t 



(r — r g )c 2 — ct 2 r 3 
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AjiexcaH^p Kjiefa 
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(r — r g )c 2 — a 2 r 3 
r = const, 8 = const 
Mm Bbi6epeM HaTypajibHbifi napaMeTp /rjiH o6ohx Ha6jiio,a;aTejieH. 

BTopoii Ha6jiio,i];aTejib HaHHHaeT CBoe nyTernecTBHe, Kor,n;a s — 0, h 3aBepinaeT 
ero, Kor/ia B03BpamaeTCH k toh »ce TO^xe npocTpaHCTBa. Tax Kax <fr - HHKJiH x iecKaa 
KOop^HHaTa, BTopofi Ha6jiroflaTejib 3aBepinaeT CBoe nyTemecTBue, Kor^a <j> — 2tt. B 

3TOH TO^Ke Mbl HMGGM 

2ir (r — r a )c 2 — a 2 r 3 

S 2 = — A/ " 

a V r 
2ir 

t = T = — 
a 

3HaHeHHe HaTypajibHoro napaMeTpa nepBoro Ha6jno,n,aTe.jiH b stoh TOHKe 



2n r — r„ 

81 = —C\ y - 

a V r 

Pa3HHu;a uexffy hx coGctbchhmmh BpeivieHaMH 



2ir ( jr — r a I (r — r„)c 2 — a 2 r 3 

As = Si — S2 = 



a 



Mm onpe^,ejiHJiH pa3HHiry b caHTHMeTpax. Hto6m nojiyHHTb pa3HHiry b cexyHflax, 

Mbl flOJDKHM ^ejIHTb o6e HaCTH Ha C. 




nepeiifleM k kohkpcthmm ,a;aHHMM. 

Macca CojiHH,a paBHa 1.989io33 r, 3eMjia BpamaeTca Boxpyr CojiHH,a Ha paccTO- 
hhhh 1.495985iol3 cm ot ero Hempa HanpoTHJKeHHe 365.257 jxReH. B stom cjiynae 
mm nojiy^HM At = 0.155750625445089 cex. MepKypnii BpamaeTca Boxpyr CojiHua 
Ha paccTOHHHH 5.791iol2 cm ot ero n,eHTpa HanpoTHJKeHne 58.6462 pjievi. B stom 
cjiy^ae mm nojiyHHM At = 0.145358734930827 cex. 

Macca 3cmjih paBHa 5.977io27 r. Kocmhhcckhh Kopa6jib, kotopmh BpamaeTca 
BOKpyr 3eMjiH Ha paccTOHHHH 6.916io8 cm ot ero H,eHTpa HanpoTHJKeHHe 95.6 mhh 
HMeeT At = 1.8318io — 6 cex. JlyHa BpamaeTca BOKpyr 3eMJiH Ha paccToaHHH 
3.84iol0 cm ot ero Hempa HanpoTHJKeHHe 27.32 ^Heii. B stom cny^ae mm nojiyHHM 
At = 1.372io - 5 cex. 

JlflR JiyHHiero npe,a;cTaBjieHHa a noMecTHji sth flaHHbie b Ta6jiHHM 10.1, 10.2, h 
10.3. 

Tax Kax nacM nepBoro Ha6jno,n,aTe.na b momcht BCTpeHH noKa3MBaiOT 6ojibniee 
3HaHeHHe, oh oueHHBaeT B03pacT BToporo Ha6jiKmaTejiH CTapnie peajibHoro. Tax, 
ecjiH B3HTb napaMeTpbi op6nTM S2 H3 [1], to mm nojiy^HM, ^to 3a 10 Myr S2 6yn,eT 
MOJioace Ha .297 Myr no cpaBHeHHio c ou;eHKOH Heno^BHJKHoro Ha6jiio,a;aTeji.H. 

11. I1PEOBPA30BAHME jlOPEHUA B OPEHTAJTbHOM HAI1PABJ1EHHH 

ripH^HHa 3a^ep}KKH BpeMeHH, KOTopyio mm on^eHHJiH BMHie, Haxo^HTCH b npe- 
o6pa30BaHHH JIopeHua MejK,ny CTauHOHapHMM h BpamaioiHHMCH Ha6jno,n,aTe.naMH. 
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Tabjihua 10.1. Canime - n,eHTpajibHoe Tejio, Macca - 1.989io33 r 



cnyTHHK 


3eMJia 


MepKypnii 


paccTosnnie, cm 


1.495985i 13 


5.791i 12 


nepucm Bpain,eHHH, ^Heii 


365.257 


58.6462 


3a,a;epjKKa BpeMeHH, cex 


0.15575 


0.14536 



Tabjihd;a 10.2. 3eMJia - H,eHTpajibHoe Teno, Macca - 5.977iq27 r 



cnyTHHK 


KOCMHHeCKHH Kopa6jib 


JlyHa 


paccTOflmie, cm 


6.916io8 


3.84i 10 


nepncm Bpam,eHHfl 


95.6 mins 


27.32 ^Heii 


3aflep»cKa BpeMeHH, cex 


1.8318m -6 


1.372m - 5 



Tabjihua 10.3. Sgr A - H,eHTpajibHoe Tejio, S2 - cnyTHHK 



Macca, Mq 


4.1io6 


3.7 10 6 


paCCTOHHHe, CM 


1.4692i 16 


1.1565i 16 


nepHO,a; BpameHHH, jieT 


15.2 


15.2 


3a,a;epjKKa BpeMeHH, mhh 


164.7295 


153.8326 



9to 3HaHHT, hto mm HM6eM BpameHHe b njiocKOCTH (e(o),e(2))- Ba3HCHbie BeKTopa 
pjisi CTan,HOHapHoro Ha6jiK)^aTejifl - sto 

e (o) = (-1/— ,0,0,0) 
c v r — a 

e (2) = (0,0, 1,0) 

Mm npeflnojioJKHM, hto ,2;jih BpamaiomerocH Ha6jiicmaTejis H3MeHeHne (put npo- 
nopn,HOHajibHbi h 

d<j) = ujdt 

EflHHHHHbifi BeKTop CKopocTH b 9TOM cnynae ,a;oji}KeH 6biTb nponopiniOHajieH Bex- 
Topy 

(11.1) (1,0,^,0) 
^jiHHa SToro BeKTopa 

(11.2) L 2 = 7 ——^c 2 - r 2 u 2 

r 

Mbl BHflHM B 3TOM BbipajKeHHH OHeHb 3HaKOMMH y30p H OJKH^aeM, HTO JIHHeHHafl 

CKopocTb BpamaioinerocH Ha6jnoflaTejia V = ur. 

TeM He MeHee, mm ^ojbkhm noMHiTB, hto mm BbinojiHaeM H3MepeHHe b rpaBH- 
TannoHHOM nojie h KOopflHHaTM hbjiaiotch jinnib apjibixaMH ^jih pa3MeTKH Tonex 
b npocTpaHCTBe BpeMeHH. 9to 3HanHT, hto HaM HyjKeH KoppeKTHbiii MeTOfl rjik 

H3MepeHHH CKOpOCTH. 

ECJIH C^-beKT flBHJKeTCH OT TOHKI (t, <f>) K TOHKe (t + dt,(j> + d(f>) MM flOJIJKHM H3- 
MepHTb npOCTpaHCTBeHHbie H BpeMeHHbie HHTepBajIM MejK^y 3THMH TOHKaMH. Mm 

npe^nancoKHM, hto b o6enx TOHKax HMeiOTca Ha6jiio,i];aTejiH An B. Ha6jiio,i];aTejib A 
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AjiexcaH^p Kjiefa 
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nocbijiaeT o^hobpgmghho CBeTOBoii cnrHaji B h mah, kotopmh hmggt yrjiOByio cko- 
pocTb to. KajKflbiii pa3, Kor^a Ha6jnoflaTejiB B nojiy^aeT Kaxyio-TO HHCpopMainiio, 
oh nocbijiaeT CBeTOBoii cnrHaji o6paTHO A. 

Kor^a A nojiy^aeT nepBbiii cnrHaji, oh mojkbt oueHHTb paccTOHHne ,n,o B. Kor^a 
A nojiy^aeT BTopoii cnrHaji, oh mojkgt on,eHHTb, kbk flOJiro ,a;BHra,ncfl mhi ,n;o B. 

BpeMH nyTeniecTBHH CBeTa b o6ohx HanpaBjieHHax o,2;ho h TO»ce. TpaeKTopaa 
CBeTa onpe,n;ejieHa ypaBHGHHGM ds 2 = 0. B ,n;aHHOM cjiynae mm hmggm 

— ^c 2 dt 2 - r 2 d<f> 2 = 
r 

Kor^a cbgt B03BpamaeTCH k Ha6jno r a,aTe.nio A, H3MeHeHne t paBHO 



dt = 2 

Co6cTBeHHoe BpeMH nepBoro Ha6jno,iiaTejiH paBHO 

dg 2 = r _JjL c 2 A ^_ c -2 r 2 d ^2 

r r — r g 

Cjie^OBaTejibHO, npocTpaHCTBeHHoe paccTOAHne 

L = rd(f> 

Kor,i;a o6 r beKT, flBHJKymHHCH c yrjiOBoii cxopocTb u>, npn6biBaeT b B, H3MeHeHne t 
paBHO -j. Co6cTBeHHoe BpeMH b stoh TOHKe paBHO 

ds 2 = T _I± c 2 d(j) 2 UJ -2 



T =^j r —^u~ 1 dcp 
Cjie,a;oBaTejibHO, Ha6jno,n;aTejib A H3MepneT cxopocTb 

V = ± = x P^r. 
T y r-r g 

Mm MoaceM Hcnojib30BaTb cxopocTb V Kax napaMeTp npeo6pa30BaHHH JIopeHua. 
Tor^a fljiHHa (11-2) BeKTopa (11.1) paBHa 



L = J'-^{c 2 -^—r 2 A=J r -^J(l-K 



'a 

Cne^OBaTejibHO, BpeMeHHoii opT flBHJKymerocH Ha6jiio,a;aTejifl 

e (°) = (i' 'Z' 



r 2 



e'(o) = I J — : — c 1 , 1 =,0,u 



npocTpaHCTBeHHbiii opT e', 2 ^ = (A,0, -8,0) opToroHajieH h HMeeT flJiHHy — 1. 
Cjie^OBaTejibHO, 

(11.3) ^4,4-^5 = 

r L L 

(11.4) l^jL c 2 A 2 -r 2 B 2 = -1 

r 
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AjiexcaHflp KjieHH 

CncTeMa OTcneTa b o6me& Teoprni OTHOCiiTejibHOCTii 



Mbl MOJKeM Bbipa3HTb A H3 (11 .3) 

A = cr 2 r r 2 u;B 



H nOflCTaBHTb B (11.4) 



" 2 r 4 uj 2 B 2 -r 2 B 2 



r — r 
V 



g 

2 



—r 2 B 2 -r 2 B 2 = -1 



OKOHHaTejIbHO npOCTpaHCTBeHHMH OpT B HanpaBJieHHH ^BHJKeHHH 

-2 r 1 n 1 1 

e (2) = I C rU} — , U, . I) 



e'( 2) = c-\l -_ r „ , V = ,0,l^L=,0 



r ~r g 1 _vi r u _ yi 



Cjie,n;oBaTejibHO, mm nojiyiHM npeo6pa30BaHne 

1 VI 



e (o) = , C(o) "I ; e (2) 

(n.5) , v 1 i 

e(2) = 7-7TTl e(0) + 7rTl e(2) 



Ecjih CTau,HOHapHbiii Ha6jiKmaTejib nocbiJiaeT CBeT b pa^najibHOM HanpaBJieHHH, 
BpaiijaiorrjHHca Ha6jno,n;aTejib Ha6jiK)flaeT acpcpeKT ^omuiepa 

id 



1 - ^ 

Mm jjojdkhm jj;o6aBHTb scpcpeKT /Jonnjiepa fljia rpaBHTannoHHoro nojra, ecjin ,u;bh- 
jKymHHCH Ha6jiio,a;aTejib nojiynaeT pa/niajibHyio BOJiHy, KOTopaa npHinjia H3 6ecKO- 
HenHOCTH. B 3tom cnynae 3(p(peKT ^onmiepa npHM6T (popMy 



i-K 



Mm npHBOflHM ou;eHKy fljia jjjihcImhkh 3Be3,n;M S2, KOTopaa BpamaeTca BOKpyr 
Sgr A b Ta6jnin,ax 11.1 h 11.2. Ta6jiHnM ocHOBaHbi Ha flByx pasjiHiHbix on,eHKax 
fljia Maccbi Sgr A. 

Ecjih mm B03bMeM Maccy Sgr 4.1io6M Q [1], to b nepHH,eHTpe (paccToaHHe 
1.868iol5 cm) S2 HMeeT cxopocTb 738767495.4 CM/cex h 3(p(peKT ^onnjiepa pa- 
BeH id' /uj = 1.000628. B 3tom cjiyiae mm H3MepaeM fljiHHy 2.16474^m jj;jia bojihm, 
H3JiyHaeMoii c ,u;jihhoh 2.1661^m (Br 7). B anorje-HTpe (paccToaHHe 2.769iol6cm) S2 
HMeeT cxopocTb 49839993. 28cm/s h acpcpeKT /^onnjiepa paBeH u'/u = 1.0000232. 
Mm H3MepaeM jj,jiHHy 2.166049/im ^jih toh »ce caMofi bojihm. Pa3HOCTb Meyupy 
jj,ByMH H3MepeHHHMH jj,jihhm bojihm paBHa 13.098A. 

Ecjih mm B03bMeM Maccy Sgr 3.7io6M0 [2], to b nepHH,eHTpe (paccToaHHe 
1.805iol5cm) S2 HMeeT cxopocTb 713915922. 3cm/ s h 3(p(peKT /^onnjiepa paBeii 
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lu' /lu = 1.000587. B 3tom cjiy^ae mm h3mgphgm ,a;jiHHy 2.16483/xm jj;jih bojihm, h3- 
jiy^aeMofi c jjjihhoh 2.1661/xm (Br 7). B anorjeHTpe (paccTOHHHG 2.676iol6cm) S2 
HMeeT CKopocTb 48163414. 05cm/ s h acpcpeKT ^onnjiepa paBeH u>'/u> = 1.00002171. 
Mbi H3MepaeM jj,jiHHy 2.1666052//m jj,jih toh »ce caMoii bojihm. Pa3HOCTb Meyupy 
ffByMR H3MepemiHMH fljiHHM bojihm paBHa 12.232A. 

Tabjihua 11.1. 3(p(peKT /Jonnjiepa Ha 3eMjie jj;jih bojihm, H3Jiy- 
laeMofi c S2; Macca Sgr A paBHa 4.1io6M Q [1] 





nepHii,eHTp 


anoueHTp 


paccToaHne cm 


1.868iol5 


2.769 10 16 


CKOpOCTb CM/S 


738767495.4 


49839993.28 


lu' /lu 


1.000628 


1.0000232 


HSJiy^aeMaa BOJiHa (Br 7) fim 


2.1661 


2.1661 


Ha6jnoflaeMaH BOJiHa [im 


2.16474 


2.166049 



Pa3HOCTb MejK,n;y JXByMH h3mgpghh.hmh jjjihhm bojihm paBHa 13.098A 



Tabjihua 11.2. scpcpeKT ^onnjiepa Ha 3eMJie jj,jih bojihm, H3Jiy- 
^aeMoii c S2; Macca Sgr A paBHa 3.7io6M [2] 





nepHu;eHTp 


anorjeHTp 


paccTOHHne CM 


1.805i O 15 


2.676i 16 


CKopocTb cm/s 


713915922.3 


48163414.05 


lu' /lu 


1.000587 


1.00002171 


HSJiy^iaeMaa BOJiHa (Br 7) fim 


2.1661 


2.1661 


Ha6jno^aeMaH BOjma fim 


2.16483 


2.1666052 



Pa3HOCTb MeyKflj ^ByMH H3MepeHHHMH ^jihhm bojihm paBHa 12. 232 A 

Pa3HOCTb Meatfly ffsyMR h3mgpghhhmh ,a;jiHHM bojihm b n6pHH,6HTp6 paBHa 0.9A. 
AHajiH3Hpyii 9th flaHHbie, mm npHxo,a;HM k saiuiio^eHHio, ^to Hcnojib30BaHHe 3(p- 
(peKTa ^onnjiepa mojkbt noMOHb yjiy^iHiHTb oueHKy MaccM Sgr A. 

12. I1PEOEPA30BAHHE JlOPEHIJA B PAflHAJTBHOM HAIIPABJiEHHH 

Mm BHflHM, hto npeo6pa30BaHHe JlopeHu;a b op6nTajibHOM HanpaBjieHHH hmggt 
3HaKOMMii Biifl. O'leHb HHTepecHO yBH^eTb, KaKoii bh,u; sto npeo6pa30BaHne hmggt 
b pa^najibHOM HanpaBjieHHH. Mm HaHHGM c npoueiiypM H3MepeHH.a ckopocth h 

6y^eM nOJIb30BaTbCfl KOOp^HHaTHOH CKOpOCTbKD V 

(12.1) dr = vdt 

BpGMH nyTGHiGCTBHH CBGTa b o6ohx HanpaBjiGHHHx o/nio h tojkg. TpaeKTopHH CBGTa 
onp6,a;6Ji6Ha ypaBHGHHGM ds 2 = 0. 

r —lHc 2 dt 2 —dr 2 = 

r r — r g 

Kor/ia CBeT B03BpamaeTCH k Ha6jno,z],aTejiio A, H3MeHeHne t paBHO 

dt = 2 — - — c^dr 
r-r g 
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Co6ctbghhog BpeMH Ha6jno,n;aTejiH A paBHO 



ds 2 = r _^JL c 2 4 ^±^ c -2 dr 2 

r r — r g 

= A—^—dr 2 



•a 

Cjie^OBaTejibHO, npocTpaHCTBeHHoe paceroHHiie paBHO 



L= J—^—dr 



• a 

Kor^a 06126x1, flBH»cyiri,HHCfl co CKopocTbio (12.1), npn6biBaeT b B H3M6H6HH6 t 
paBHO ^p. Co6cTBeHHoe BpeMH Ha6jiroflaTejiH A b stoh TOHKe 

j 2 r ~ r 9 2j2-2 

as = -c dr v 

r 



—^v- L dr 

Cjie^,OBaTejibHO, Ha6jiioflaTejib A H3MepjieT cxopocTb 

y= L == V r-r g 

r 

= V 



• '9 

Tenepb mm roTOBbi HaiiTH npeo6pa30BaHHe Jlopemja. Ba3HCHbie BeKTopa pjia 
CTaiiHOHapHoro Ha6jno,n;aTejifl - sto 



c \ r — r„ 



^'V r '°'°J 
E^HHHHHbiH BeKTop CKopocTH ^oji»ceH 6biTb nponopiniOHajieH BeKTopy 
(12.2) (M,0,0) 
/^jiHHa SToro BeKTopa 



L 



2 _ 1 '92 



(12.3) 



r r — r 



r — r 



9 



9 ^2 
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Cjie^OBaTejibHO, BpeMeiraoH opT ^BiiJKymerocH Ha6jiio,i];aTejiH 

w 



e'(0) = I I.t.O 



r i 1 / f , 1 

, :,VJ Cr 1 , =,0,0 



r , 1 V r — r n 1 
c- 1 , g - i ,0,0 



IlpocTpaHCTBeHHbiH opT = (A, 5,0, 0) opTorcmajieH h hmggt flJiHHy — 1. 
Cjie^OBaTejibHO, 

(12.4) !JlIl c ^A-^—^B = 

r L r — r g L 

(12.5) — ^c 2 A 2 - — - — B 2 = -1 

r r — r g 

Mbl MOJKBM Bbipa3HTb A H3 (12.4) 

2 

A = cr 2 —^—-vB = c-' 2 —^—VB 
\r-r g y T - r g 

H nO^CTaBHTb B (12.5) 

2 

r -^c 2 c- 4 , ^ V 2 B 2 - — - — B 2 = -1 



{r-rgf 



-r g \ c 2 

, r — r„ 1 
B = 9 



r 1-K 



A = c-<—vJ'' 



c~'V 



OKOHHaTejIbHO npOCTpaHCTBeHHblH OpT B HanpaBJieHHH ^BHJKeHHfl 
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CjieflOBaTejibHO, mm noflynaeM npeo6pa30BaHHe b 3HaK0M0H cpopMe 

1 V 1 

<*.) V . V i . 

e (i) — , em) H e ( i) 

j _ v 2 \ — y2 



13. 300EKT flonruiEPA B IIPOCTPAHCTBE OPHflMAHA 
Mbi paccMOTpiiM ,n;pyroii npHMep b npocTpaHCTBe OpiiflMaHa. MeTpnxa npo- 

CTpaHCTBa HMGGT BH^ 

ds 2 = a 2 (dt 2 - d X 2 - sin 2 X (d9 2 - sin 2 6W0 2 )) 

PJIR 3aKpbITOH MO^ejIH H 

ds 2 = a 2 (dt 2 - d X 2 - sinh 2 X (d0 2 - sin 2 Odcf 2 )) 

fljia OTKpbiTofi MOflejiii. CBH3HOCTb npocTpaHCTBa (a, /? npHHHMaiOT SHa^eHHa 1, 
2, 3) 

r° — — 

r° = --% 

IlocKOJibKy npocTpaHCTBa o/nropoflHO, Hac He iiMeeT SHa^eHiie HanpaBjieHne 
pacnpocTpaHeHHH CBeTa. B stom cjiy^ae 

dk — r,- a k k? 
l j 

Tax Kax k - H30TponHbiH seKTOp, KacaTejibHbiH k ero TpaeKTOpnii, mm HMeeM 

k a 

dx<* = ^dt 



Tax xax = — , to 



to da da ,„,„ n da 

d— = -w H g aa k k = -2—lu 

a or oja a z 



adu) + coda = 
auj = const 

Cjie^OBaTejibHO, Kor^a a pacTeT, uj CTaHOBiiTCH MeHbine h fljiHHa bojihm pacTeT. 

a pacTeT, Kor^a cb6t nyTeinecTByeT CKB03b npocTpaHCTBO BpeMH, h sto npiracmiiT 
k xpacHOMy CMemeHHio. IIphhhhoh Ha6jno,a;aeMoro KpacHoro CMemeHHH HBjuieTCH 
He pa36eraHne rajiaKTHK, a H3MeHeHHe reoMeTpnn. 

PaccMOTpiiM Tenepb xax xpacHoe CMemeHne MeHHeTca bo BpeMeHH, ecjin Ha^ajib- 
Haa h KOHe^Haa tohki He flBHJKyTca. flnsi npocTOTbi h 6yzry H3MeHHTb TOJibKO X- 
Xi - HaHajibHoe 3HaHeHHe h X2 - KOHenHoe 3HaHeHHe. Tax xax Ha TpaeKTopnn CBeTa 
dt = d X , mm HMeeM 

X = Xi + t-h t 2 = X2 - Xi + h 
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CiiCTeMa OTcneTa b o6me& Teopnii OTHOCiiTejibHOCTii 



Cjie,a;oBaTejibHO a(ti)u>i = a(t2ji^2- CMemeHne /^onnjiepa hmggt bh,u; 

loi a(t 2 ) 

Ecjih HaHajibHoe BpeMa H3MeHaeTca t'l = tl + dt, to K(tl + dt) = a(tl + dt) / 
a(t2 + dt) IIpoH3BOflHafl K no BpeMemi HMeeT BH,n, 

a\a2 — a\a,2 



K = 



J\jik 3aMKHyToro npocTpaHCTBa a = cosht. Tor,i;a a = sinht. 

• sinhti cosh t% — sinhi2 cosh t\ sinh(ii — t2) 

K = J = 2 

cosh t2 cosh t2 

K yMeHbinaeTCH, Kor,a;a t\ yBejiHHHBaeTca. 

14. I1PEOBPA30BAHHE JlOPEHIJA B IIPOCTPAHCTBE OPHflMAHA 

Hto6m H3ynHTb npeo6pa30BaHne JIopeHna b npocTpaHCTBe <J>pH,n,MaHa, a xony 
BOcnojib30BaTbca mgtphkoh b cbopMe 

ds 2 = c 2 dt 2 - a 2 (d X 2 + b 2 (d0 2 - sin 2 0d(j> 2 )) 

y MeHa ecTb ^Ba Ha6jiKmaTe.na. 0,h,hh He ^BHJKeTca h HMeeT cxopocTb (1,0,0,0), 
a ,a,pyroH ^BH^KeTca B,a,o.nb x h ero cxopocTb HMeeT bh,zi C = (l,v,0, 0), h mm 
nojiojKHM V — av. 

MeTpHKa flnaroHajibHa h KOop^HHaTM 9,(f> ne MeHaiOTca. y Hac B03HHKaeT npe- 
o6pa30BaHne b njiocxocTH t, \- 

E,a;HHHHHaa cxopocTb nepBoro Ha6jno,n;aTejia HMeeT bh,h; 

e = (-,0,0,0) 
c 

h BeKTop, opToroHajibHbiii efl, HMeeT bh,i; 



d = (0,-,0,0) 
a 



/^jiHHa BeKTopa C HMeeT bh,u; 



n / V 2 

L = y c? — a 2 v 2 = cy 1 — 

Cjie,a;oBaTejibHO, eflHHHHHbiii BeKTop ckopocth BToporo Ha6jno,iiaTejia HMeeT bh^ 

e^ = (i,|,0,0) 

Mm Hin;eM BeKTop 

ei = (A,S,0,0) 
KOTopbiii opToroHaneH BeKTopy e' . ^Jia SToro mm HMeeM 

(14.1) c 2 A 2 - a 2 B 2 = -1 

(14.2) c 2 A\ - a 2 By = 
Mm nojiyHHM H3 ypaBHeHHa (14.2) 

(14.3) A = %vB 
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Mm no,a;cTaBHM (14.3) b (14.1) h nany^HM 



B^v 2 - a 2 ) = -1 
B= 1 



Cjie,a;oBaTejibHO 6a3iic BToporo Ha6jiio,i];aTejifl hmggt bh^ 
e' = ( rl = , ^==,0,0) 



A = ( — ^=,^^=,0,0) 



Tenepb mm MoaceM Bbipa3iiTb e' ^epea e 



1 V 1 

2 = ; e o H ; ei 

c 2 v c 

, y i i 

h = , e H ei 
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16. riPEflMETHblH YKA3ATEJlb 



G-CHCTeMa OTcneTa 3 

rOJIOHOMHMe KOOpij;HHaTBI BGKTOpa 4 
TOJIOHOMHUe KOOpflHHaTBI CBH3HOCTH 5 

KOopflHHaTHaa CHCTeMa OTCieTa 3 

jiOKajibHaa CHCTeMa OTCieTa 4 
MGTpuKO-acpcpHHHOG MHoroo6pa3ne 9 

HerojiOHOMHaa Koop^HHaTa 6 

HerOJIOHOMHBie KOOpflHHaTBI BeKTopa 4 
HerOJIOHOMHBie KOOp^HHaTBI Ha 

MHoroo6pa3HH 7 

HerOJIOHOMHBie KOOp^HHaTBI CB5I3HOCTH 5 
HeMeTpHHHOCTB 9 

06 r BeKT HerOJIOHOMHOCTH 6 

napajuiejiorpaMM 10 
npeo6pa30BaHne Jlopemra 4 
ncpacpcpOBa npon3BOflHaa 3 

CHHxpoHH3aii;Ha CHCTeMBi OTcneTa 13 
CHCTeMa OTCi&ra b npocTpaHCTBe co6bithh 

4 

TeH3op KpyieHHa 9 
(popMa KpyieHne 9 
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17. CnED,MAJIbHbIE CHMBOJlbl H OB03HAHEHHH 
HerojiOHOMHtie KOopflHHaTbi BeKTopa 5 
a 1 rojiOHOMHbie KOopflHHaTH BeKTopa 4 

e( fc ) CpOpMa CHCTGMH OTCieTa 3 

e^x CTaH,a;apTHbie KC-op^HHaTbi chctgmbi 
OTCieTa 3 

BGKTOpHOG IIOJI6 CHCTGMH OTCHGTa 3 

e =< e(i), i £ I > CJicreMa OTCHGTa 3 
e = (e( k) , eS ' ) cncTGMa OTCiGTa, 

paCIUHpGHHOG OnpGflGJIGHHG 3 
HGrOJIOHOMHaa KOOp^HHaTa 6 

(k) 

(*)(.?) Her0J10H0MHBie KOOp^HHaTM 
CBH3HOCTH 5 

TOJlOHOMHblG KOOpflHHaTbl CBH3HOCTH 5 
C (fc)(I) °S' teKT HGrOJIOHOMHOCTH 6 

(di,ds l ) KOopflHHaTHaa CHCTGMa OTCieTa 3 

<9(fc) npOH3BOflHaa b^c-jib bgktophcto nojia 

e (fe) 6 
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